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1 Introduction

Instabilities are an important aspect of any dynamical system. It is
one thing to establish the dynamical equations for some system or
other, it is another to establish that the system is stable. If it is un-
stable, then the system will evolveto some other state. For example,
we showed, in dealing with shocks that there are two types of dis-
continuities - the shock discontinuity in which there is a mass flux
across the discontinuity and the tangential contact discontinuity for
which the mass flux is zero. The latter discontinuity is subject to a
classical discontinuity - the Kelvin-Helmholtz discontinuity which
is one of the subjects of this chapter.

2 The incompressible Kelvin-Helmholtz
Instability

The Kelvin-Helmholtz instability relates to the following situation.
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A large number of the properties of this instabilities can be under-
stood in terms of the following incompressible analysis.

Continuity equation for incompressible flow

op | _
3t +div(pV) =0

[
o

:%’ +V - Vp + pdivV

dp | gy =
=t +pdivV = 0

Incompressibility meansthat the density is constant along a stream-

line, sothat%s = 0 and

divv =0
Perturbation
To study stability, we perturb the above system as follows:
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V =V,+V’
P=P,+P
where the O subscripts refer to the unperturbed situation. Thus
Vo =(V,00) z>0
Vo = (V,,0,0) z<0

In devel oping the equations which describe the development of the
instability, we develop equations which refer to either z< 0 or
z> 0 asfar as possible, introducing either V, or V, when neces-

sary, when we come to consider the boundary conditions at the in-
terface.

Perturbation of the continuity equation
Thisissimply
divv’ =0
Perturbation of the momentum equation
Theterm
V-VV = (Vo +V)-VV =V, VW
to first order, so that the perturbed momentum equation is:

(20 vy W o[ 207y 2] = v

Take the divergence of this equation

= p[%divv +V, Xaa—xdivV’J = _V2p’
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Since divV’ = 0,
V2p’ =
Form of the perturbation
Take all perturbed quantities to be of the form:
f(r,t) = fO(2)expi[kx +kyy —ot]

where k, and k,, are real components of the wave vector. (Note the

use of a0 superscript to indicate the amplitude, as distinct from the
0 subscript which characterizes the unperturbed initial state.

Perturbation equation for the pressure
Take
P” = PPexpi[k,x + Kk y— ot]
d2

= V2P’ = | PO (G + )P0 expilkx + Ky —ot] = 0

The combination kg + k3 appears frequently in the following, so
that we denote it by k2. Hence

2
d _
@PO +k?PO= 0= PO(z) = Ajek2+ A,e

We take different parts of this solution on different sides of the in-
terface. We require finite pressuresat z = - and

PO = A ek z<0

PO = AeX? z>0
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We now impose the boundary condition that the perturbed pres-
sures on both sides of the interface areequal sothat A; = A, = A
and

PO = Aekz z<0
PO = Ae2 750

Perturbation equation for the velocity
Taking,

V) = V(2)expi[kx + Ky —ot]

= aa_xvz’ = V(2) x ikexpi[k,x + kyy — wt]
aa_xvz’ = V2(2) x (ik,) expi[k,x + kyy — wt]
o

ﬁvz, = V(2) X (o) expi[kXx + Ky — wt]

We substitute these expressions into the momentum equation to ob-
tain:

Pol V(D) (K Vo— )] x expi[kx + kyy —ot] = _aizp,
= tAe™Zexpi[k, X + K,y — ot]

where the different signsrefer to z> 0 and z < O respectively. This
gives us the following solution for V9(z2):

Ae?kZ
0 = +
Va(2) po(kVo—m)
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Displacement of the surface

Perturbed interface

Unperturbed position of
interface

To proceed further, we need to consider the displacement of the flu-
id at the interface.

Consider the displacement of afluid element at any position in the
fluid. A given fluid element satisfies;

dr
=V
dt
so that putting
r=ro+r’

where r’ is the variation from the zeroth order flow as a result of
the perturbation, gives

d ~ ,
a(r0+r) = VotV

d
: r/ —_ V’
dt

The differentiation on the left hand side is “following the motion”
so that this perturbation equation is, in fact,
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The component of this set of equation which is of the most use to

us, isthe z component. Denoting the z component of r” by,

o K _ . AeFke

Aswith all other functions, we put,

¢ = Coexpi[k,x + K,y —oot]
9 _ iolO%expi[k x + k t]
m Sy PILKy yy_(D
% _ ik Oexpi[k x + Ky —ot]
B_X_ X ep[ X yy 0

Therefore, the equation for { becomes:

iC0(k,Vo—0) X expi[k x+ky—ot] = + Aetkz
x"0 X y _po(kXVO—Q))
X expi[K X+ kyy_mt]

Aetkz

Now, at z = 0, thedisplacements calculated from either side of the
interface should be identical. Therefore,

P1(K V1 —0)? = —py(k,V,— )2
= p(kV;—®)%2+p,(kV,—®)2 = 0

Expanding out the quadratic terms:
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I
o

P12 —20k,V, + kZ2VZ] + p,[w?2 — 20k, V, + kZ2V3]
(p1+ po)w?=2wK,[p,V +p,V,] +kE[p,VE+p,V3] = 0

2
= (py + Pz)(kg) — Z(kg)[plvl +p,Vol+[p,VE+p,VE] =0
X X

and the solution of this quadratic is

o _ (P1Vi+p,V)Ei(Vy—Vy)(papy)t?
Ky P1t P2
This is our main result, the dispersion relationship between fre-

guency and wave number. The important feature of this solutionis
that it has both real and imaginary parts:

g _ P1VaitpoVs o _ RYZRY )(9192)1/2
kx P11t P2 kx . ? P11t P2

The complex part corresponds to both exponentially decaying and
growing solutions, since

expi[ogtimt] = exping X expFo,t

An arbitrary set of initial conditions will give both decaying and
growing solutions, so that the above solution enables us to identify
agrowth rate,

_ (p1p)¥2  qu2
g = (Vi=Vo)——— T Ky = 1+n(V1_V2)kx
where, the density ratio,
P1
n=—-
P2

and
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K, = kcoso

IS the component of the wave number in the direction of flow.

% k = (K ky)

0N

Plan view of interface

Features

Growth depends upon there being a velocity difference.
Growth rate proportional to k, (component of wave number in

the direction of flow) so that the smallest waves (largest k, )

grow the fastest.

The growth rate reduces to zero for waves perpendicular to the
direction of motion.

The growth rateisamaximum forn = 1.

All perturbations diminish exponentially away from the inter-
face. (Perturbation «< exptkz) Thisis acharacteristic feature of
surface waves.

These features are also characteristic of the KH instability for
compressible flows (as we show in the next section).
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3 Compressible Kelvin-Helmholtz
Instability

3.1 General comments

When we deal with compressible flow, the main complicating fac-
tor is that we have to deal with are sound waves when we perturb
the flow. In one sense we can think of the KH instability as sound
waves in an inhomogeneous medium. (Sound waves are emitted as
the surface is disturbed.)

The consideration of the compressible KH instability is similar to

that of the incompressible KH instability with some complications

related to compressibility. The stepsin the development are:

» Determine the dispersion relations for waves in each medium.

» Apply boundary conditionsat z = e and at theinterface. This
leads to polynomial equations and conditions on the roots of
these leads to useful information.

3.2 Dispersion relations in each medium
We start with the usual equations:

op, d _
ot +8_Xi(pvi) =0

9V, Vil oP _
p{ﬁ Jr\/iaxj}raxi =0

and perturb them according them according to the usual recipe:

p = potp’ Vi=Vy+V/
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4
y
>Pl>V1
X _ P, =P,
-
P2 Vo
These perturbations imply that
pPVi = poVoi T PoVi tp Vo
(used in the continuity equation) and
aVi _ O\, — s Oyy»
9% (Vo j+V, )E)—xjvi = Voa—XVi
(used in the momentum equation).
Make these substitutions
dpy 0 o

— "+ —V. " +V. —p’ =
ot Pogx Vi VoGP T O

aV; dy,/]. 9 p
Po[m + Voa—XVi } +8_Xip

In the following, we adopt the pressure as the primary variable
since it is continuous across the interface rather than the density
which may be discontinuous. In doing so we use,

[
o

C54H — Astrophysical Fluid Dynamics 11



I nstabilities

P

‘QJ V| v
» J\"‘
‘Q) Qv

v
Y

X

i- Xi

Hence, the continuity equation becomes

ot Vo] pegcVi = 0

Summary of perturbation equations

Combine p, and c3 in continuity equation and put together with
momentum equation:

9
dX

P,J + PoChs— a =0

PP' Vo 09x,

ot

p [av Vv iV-'J +iP' -0
O ot %x '] ox

Similar to the compressible case, we take perturbations of P’ and
V,” proportional to

expi[kx + kyy + k,z—wt]

where (ky, k) isrea and k, and ® may be complex. Compare this

with the z-dependence for the incompressible Kelvin-Helmholtz
instability o< etkz,

Take
P” = Aexpi[kX +kyy + Kk, z—ot]
Vi" = AjexpilkXx +kyy +k,z—ot]
With these dependencies:
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a ’ a I_ — ; I
[ap +V°a_xp | = —i(@—Kk,Vo)Aexpi[kx + Ky + k,z— wt]
Vv, o, _ . .
[m +V°8_xvi | = —1(® =Kk, Vo) Ajexpi[kX + Ky + k,z— ot]
aixjvj, = ik; A expi[k,x + kyy + k,z— wt]

Putting all of thistogether, using pc3 = YP,,

—i(@—=Kk,Vg)A+7Py(ik;A;) = 0
—ipg(0—-k, Vo)A +ikA =0

Notation for wave vector

At this point we introduce the following notation for the wave vec-
tor

k - (kx: kya kz) - (k”a kz)
kg = kjcoso ky, = kysino

X
k2 = kP +k2 = kik

where k|, Is the component of the wave vector parallel to the inter-
face. With this notation the perturbation equations become:

—i (0 -k Vocosd)A+yPO(ik;A) = 0
—i (@ =k VCos0)poA +ikiA = 0

Take the scalar product of the second of the above equations with
k;. Thisgives

C54H — Astrophysical Fluid Dynamics 13
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—i (0 =k Vcosd)poki A +ik?A = 0
1k?A

= A = Po(® —kV(Coso)

Substitute this result back into the first of the perturbation equa-
tions.

—i(@—KkVCos0)A +yPy(ik;A;) = —i(@—kV,cos0)A

N vPo ik2A
Po (@—KkVycoso)

=0
Solving, and dividing out the common factor of A

P
(©—kVoo0s0)2 = 1 0k2 = c3k2 = c3(k? + k)

Po

Note that we have essentially recovered the dispersion equation for
sound waves!

For the two different sides of the interface,
(0 -k V cosp)? = cfk?
((o—knvzcosq>)2 = csk?
Perturbation of the surface

As before consideration of the perturbation of the surface isimpor-
tant.

The z-component of the displacement isthe same as for the incom-
pressible case and is given by

%) 0 ;o -
a_§+VOB_§( =V, = Aexpilkx+kyy+k,z—ot]
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Putting
C = B,expilkx+kyy+k,z—ot]
gives
—i[o—kVocos0]B, = A,

—_ IAZ
Z [o—- kVCOS0]

=B

Now we have from the perturbation equations:
—i (@ —kyVC0s0)poA; +ikiA = 0
so that

KA

A. =
“ po(w—KkVycoso)

and therefore, B,, the coefficient of the z component of displace-
ment isgivenintermsof A, the coefficient of the pressurefield, by

) ik, A
2 Po(® —kyVoCOSp)?

B
Thisisageneric equation which applies to either region. However,
both the displacement, and the pressure are continuous

at the interface. Therefore B,/ A, is continuous and

kl, Z — k2, y4
pr(w—kV,c080)2  py(m—k V,C080)

Now go back to the dispersion relations which we derived for the
two regions, viz,
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(0 —kyVicosp)? = czk? = cf(kf +kf ,)

(0 =k V,c080)? = csk? = ci(kff + k3 ,)
We make k2 the subject of these equations,

_ (0 —k;Vcosd)? e

k2
1,z C% I
, _ (c)—kuvzcoscp)2 X
Koz = & ki
2

In the equation derived from the boundary condition, we put

0, = V1P _ 12Po
1 C]2_ 2 C%
giving us
kl, Z — k2, Z
Y1(® =k Vicosd)?  yy(w—k V,cos0)?
ct cs
Squaring,
@, K,
Y20 —kV;0089)* Y30 —k;V,c080)*
cf c3

and substituting for k2
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(a)—kuvlcosq>)2_ ((o—kuvzcosq))z_k2
c? c3 I
Y$(w -k, V,coso)? - Y5(w -k, V,cos0)?
ci c3

i

This can actually be simplified! We divide the numerators by k¢

@

and the denominators by kit and put V, = .
|

, the phase velocity
of the wave. This gives,
(Vpnh—V10080)* 1 (Vpn—V,0080)% 1

i c3

Y$(Vpn—V1C080)* Y5(V pn—V,C080)*
ci c3

Furthermore, we can make a Galilean transformation in the x direc-
tion in which the velocity, V,, of the lower stream is zero, i.e.

X' = x=Vt
and this transforms
K, X — ot to [K (X" +V t) —ot] = [K X — (0K, V)]
Therefore, in the new frame,
o =0-kV,=0 =0 +k\V,
and

o -k, V,cosp = o' —K (V,—V,)coso
o —Kk,AV cosd

where

C54H — Astrophysical Fluid Dynamics 17
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Isthe difference in velocity between the two streams.

Hence,
0) o’
— —\V,Cco0s)p = —
ko ° Ky
o —V,c080 = Q _AV (60:570)
Ki Ki
I.e

V=V, cosd = V'

Vpn—V,c0s0 = V" — AV cosd

’

whereV " = (I?_ isthe phase velocity in the primed frame, the one
I

in which the velocity of the lower stream is zero.

The equation for the KH instability becomes:

Von'? 1 (Vpn'—AVcosd)? 1
¢t _ c3
VBVi'®  13(Vp —AVcos)?
cf C2

Finally, we express all velocities in terms of ratios with respect to
the sound speed in medium 1, i.e.

V 4
ph m = AV coso
Cy C,

and this gives
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x2—1 _ YEC5r(Xx—m)2—c5/cf
x4 y%c%[ (x—m)? J

Thisisthe basic dispersion relation for the compressible KH insta-
bility. It isasixth order polynomial equation when multiplied out.

Condition on the solution

Since we want the solutionsto vanish at z = +« then we have the
following important conditions on the solution:

Re(k, ,) <0 and Re(k, ,) >0

3.3 Physical interpretation of x and m

4 )
AV cos

AV

_ V' _ Phase velocity of perturbation in frame of

X =
Cy lower stream relative to speed of sound
M = AV cosd _ Relative Mach number of 2 streams
Cq in direction of perturbation

C54H — Astrophysical Fluid Dynamics 19
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3.4 Special cases
341y, =1,
Take

then the dispersion equation becomes

x2—1 _

X4
2 4
1l 1 a ,_ a

X2 x4 (x—-m)2 (x—m)?

[x% - (xfn)ZJ - [x% - (:;)4}

q2(X= m)2 — a?
(X—m)*

Factoring the second term on the right hand side:

[xiz - (xfin)ZJ - [x% * (xfn)ZJ[

and factorising the equation:

a2
x_2_(x—m)2J -

[xiZ_(xfzrn)J[l_le_mJ =0

so that either
1 _ a2
v X—m)? (quadratic)
or
1 az :
x_2+(x—m)2 =1 (quartic)

20 C54 H— Astrophysical Fluid Dynamics



| nstabilities
Roots of quadratic

a?x2 = (x—m)2 = x2—-2mx+ m?
= (a2-1)X2+2mx—m? =

Ly = M _m
l-a’ l+a
Since
C
m = AVCoso _ ©
C1 C1
then
w = O _ AV cosd AV coso
ki,  C,—Cp € +C,
C C
0 L AV coso, L_AV (60570
Kj  €1—C C,+C,

Note that both of these roots are real and therefore neither corre-
spond to an instability.

Roots of quartic

2
-l+ a =1
X2  (X—m)?
Special case:
C
a=-—2=1
C1
1 1
= — + =1
X2 (X—m)?

= (X—M)2+ x2 = x2(x—m)?2
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In order to solve this equation, put

making the equation into the following quadratic in y2:

2 2772 4
2, M _ a_M7ys M-
A -

4 2
4a_(M 5 \\2 4 ﬂ_ﬂ):
=Y (2 Z)y (16 >) =0

2
=y? = (1 + %—)J_r(l +m?)1/2

Now the roots for y? are always positive when
N 2
(1 + mz) >1+m?

m2  m?
+ =+ — + m?
1 2 16>1

= m?>8

If y2>0 theny isrea and so is X, 0 that there is no instability.
Hence, the condition for there to be no instability is.

m = AV§°S¢>ﬁ3
1

or, equivalently, the perturbation is unstable, if
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M4 COSO < /8

where M 4 = AC—V is the relative Mach number of the two streams.

1

Note that for any Mach number thereisacritical angle for the wave
vector for which instability occurs given by:

/8

COS(1)crit = M o
r

Perturbations with ¢ > ¢,;; are unstable.

4 I
Unstable AV coso
R Stable
crit -
AV
\ /
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