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ABSTRACT

We investigate the evolution of protoplanets with different masses embedded in an accretion disk, via
global fully three-dimensional hydrodynamical simulations. We consider a range of planetary masses extend-
ing from 1.5M� up to 1MJ, and we take into account physically realistic gravitational potentials of forming
planets. In order to calculate accurately the gravitational torques exerted by disk material and to investigate
the accretion process onto the planet, the flow dynamics has to be thoroughly resolved on long as well as
short length scales. We achieve this strict resolution requirement by applying a nested-grid refinement techni-
que that allows us to greatly enhance the local resolution. Our results from altogether 51 simulations show
that for large planetary masses, approximately above 0.1 MJ, migration rates are relatively constant, as
expected in a type II migration regime and in good agreement with previous two-dimensional calculations. In
a range between 7 and 15M�, we find a dependency of the migration speed on the planetary mass that yields
timescales considerably longer than those predicted by linear analytical theories. This property may be
important in determining the overall orbital evolution of protoplanets. The growth timescale is minimum
around 20 M�, but it rapidly increases for both smaller and larger mass values. Significant differences
between two- and three-dimensional calculations are found in particular for objects with masses smaller than
10M�. We also derive an analytical approximation for the numerically computed mass growth rates.

Subject headings: accretion, accretion disks — hydrodynamics — methods: numerical —
planetary systems: formation

On-line material: color figures

1. INTRODUCTION

Over the past few years the interest of the astronomical
community in the enigma of planet formation and evolution
has been rising as the number of observed extrasolar planets
has continued to increase. Today about 100 extrasolar plan-
ets are known, mostly orbiting around main-sequence stars
of solar type. An always up-to-date status of extrasolar
planet detections can be found at the Extrasolar Planet
Encyclopedia,1 maintained by J. Schneider, or at the
California & Carnegie Planet Search.2

Several of the orbital and physical key properties of plan-
ets (e.g., location, eccentricity, rotation rate, mass) are
believed to originate from the early phases of planet
formation, when the protoplanet is still embedded in the
surrounding protostellar disk from which it generated. In
particular, the small semimajor axis of several (51 Peg–type)
planets is usually interpreted as a migration process pro-
duced by gravitational torques of the disk material acting
on the protoplanets. In order to properly take these effects
into account, one has to consider the joint evolution of the
circumstellar disk and the embedded planet.

Following the first and mostly linear analytical studies
(Goldreich & Tremaine 1980; Papaloizou & Lin 1984; Ward
1986), fully nonlinear numerical simulations have been per-
formed lately (Kley 1999; Lubow, Seibert, & Artymowicz
1999; Nelson et al. 2000; Papaloizou, Nelson, & Masset
2001; Kley, D’Angelo, & Henning 2001, hereafter Paper I;
D’Angelo, Henning, &Kley 2002a, hereafter Paper II; Tani-
gawa &Watanabe 2002) in order to achieve a deeper insight
into the physical processes governing the interactions
between a protostellar disk and an embedded protoplanet.
Among the main discoveries we can cite (1) the creation of
spiral density perturbations in the disk, (2) the formation of
a deep annular gap along the orbit of Jupiter-mass planets,
(3) an inward migration resulting from the net gravitational
torques caused by inner and outer density wave perturba-
tions, and (4) the continuation of mass accretion through
the gap.

So far most of the computations have investigated mainly
the effects due to large-scale interactions, much larger than
the size of the Roche lobe of the forming planet. Further-
more, very little is known about the nonlinear effects that
such interactions have when low-mass planets are involved.
The reason for this has been primarily the lack of appro-
priate numerical tools.

In the majority of the previous studies, the disk is mod-
eled as a two-dimensional (r-’) system, by using vertically

1 Available at http://www.obspm.fr/planets.
2 Available at http://exoplanets.org.
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averaged quantities. Two main arguments lie behind this
choice. First, on a physical basis, the validity of a two-
dimensional description is consistent because the Hill radius
of a massive object is larger or comparable to the disk semi-
thickness. In fact, this basically means that the sphere of
gravitational influence of the embedded body, i.e., the Hill
sphere,3 contains the whole vertical extent of the disk. How-
ever, this usually implies that the planet must have a mass
on the order of 1 MJ. Second, a less massive planet has a
weaker impact on the disk, requiring a higher resolution to
compute properly and highlight its effects. Such require-
ment typically rules out a full three-dimensional treatment.
Although there is still a lot of information to be gained by
performing two-dimensional simulations (e.g., to study
radiative effects or multiplanet systems), in particular in the
case of high- and medium-mass planets, provided that the
local resolution around the planet is accurate enough, three-
dimensional effects become more and more important as the
mass of the simulated planet is reduced.

Yet, in many instances, the use of the two-dimensional
approximation is merely dictated by the computational
costs of three-dimensional calculations, which are generally
not affordable. Depending on the resolution one is inter-
ested in, three-dimensional runs still take more than an
order of magnitude of CPU time with respect to two-
dimensional runs. As a proof of the severe limitations posed
by fully three-dimensional calculations, only very few
papers have been published on this issue.

Miyoshi et al. (1999) made a comparison study of two-
and three-dimensional disks within the framework of the
shearing sheet model. Hence, rather than considering the
whole disk, they were restricted to local simulations. Global
three-dimensional simulations were performed for the first
time by the authors of Paper I, who also measured the gas
accretion rate onto the planet and the gravitational torques
that cause the planet to alter its orbit. They found that for
planetary masses below 0.5 MJ, the outcomes of three-
dimensional calculations start to differ from those of two-
dimensional ones. They also pointed out that to obtain
more reliable results, the flow within the Roche lobe needs
to be accurately resolved. This was done recently, for an
infinitesimally thin disk, by the authors of Paper II, who
introduced, for the first time in this context, a nested-grid
technique in order to model in detail a variety of planetary
masses, spanning from Earth’s to Jupiter’s. The authors
proved such approach to adapt comfortably to these com-
putations because global-scale structures as well as small-
scale and very small scale features of the flow can be
captured simultaneously. They demonstrated that disks
form around high- and low-mass planets and that circum-
planetary material can exert very strong torques on the
planet, usually slowing down their inward drifting motion.

In this paper we intend to combine the fully three-
dimensional and global treatment of disk-planet interac-
tions with a nested-grid refinement technique in order to
carry out an extensive study on migration, accretion, and
flow features around large- and small-sized protoplanets.
Thus, the paper comes as an extension to Papers I and II. In

addition, here we abandon the standard approach of treat-
ing the planet as a point mass but rather assume that it has
an extended structure.

The outline of the paper is as follows. Section 2 deals with
those aspects of the physical description that we adopt and
that were not already specified in Paper I. We explain how
we approximate the protoplanet’s structure by using differ-
ent solutions for the gravitational potential. Section 3
presents a brief overview about the numerical procedures
employed in this work and describes the technical details of
the models. As for the implementation of the nested grids in
three dimensions, for brevity we mainly refer to the two-
dimensional strategy traced in Paper II. The various results
of our simulations are addressed in x 4. Fluid circulation,
gravitational torques, orbital migration, mass accretion
rates, and how all of them depend on the perturber mass are
examined. A comparison between two- and three-dimen-
sional models is also carried out, together with an analysis
of some numerical effects. In x 5 two issues related to two-
and three-dimensional geometry effects are discussed in
more detail. We finally present our conclusions in x 6.

2. PHYSICAL DESCRIPTION

The nature of most astrophysical objects is such that their
behavior can be approximated to that of fluids. This is
indeed the case for circumstellar disks; hence, we can rely on
the hydrodynamic formalism to describe them. The equa-
tions of motion that govern the evolution of a disk in a
spherical polar coordinate system fO;R; �; ’g are presented
in Paper I; therefore, for the sake of brevity, we refer the
interested reader to it. We assume the disk to be a viscous
medium and include the viscosity terms explicitly by
employing a complete stress tensor for Newtonian fluids
(see, e.g., Mihalas &Mihalas 1999, p. 85).

The set of equations for the hydrodynamic variables
ð�; uR; u�; u’Þ is written with respect to a reference frame
rotating at a constant rate �, around the polar axis � ¼ 0,
and whose origin O resides in the center of mass of the star-
planet system. The planet is maintained on a fixed circular
orbit, lying in the midplane of the disk (� ¼ �=2). If we let �
coincide with the angular velocity of the planet �p, the
planet does not move within the reference frame. The
assumption that a single protoplanet, not heavier than Jupi-
ter, moves on a circular orbit is reasonable because the
global effect of the resonances, arising from disk-planet
interactions, in most of the cases favors an eccentricity
damping (Papaloizou et al. 2001; Agnor &Ward 2002).

Disk material evolves under the combined gravitational
action of a star and a massive body. In fact, as long as the
inner parts of low-mass protostellar disks are concerned,
self-gravity can be neglected. Indicating with R� the radius
vector pointing to the position of the star, the gravitational
potential� of the whole system is represented by

� ¼ � GM�
R� R�j j

þ �p ; ð1Þ

where M* is the stellar mass. In equation (1), the function
�p identifies the perturbing potential of the planet, which we
leave unspecified for the moment.

Since the energy equation is not considered in the present
work, we join an established trend (e.g., Kley 1999; Lubow
et al. 1999; Miyoshi et al. 1999; Nelson et al. 2000;

3 The Hill sphere is a measure of the volume of the Roche lobe. In a
purely restricted three-body problem, parcels of matter inside the Roche
lobe are gravitationally bound to the secondary. Hence, they are confined
to that volume of space.
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Papaloizou et al. 2001; Tanaka, Takeuchi, & Ward 2002;
Masset 2002; Tanigawa &Watanabe 2002) and use a locally
isothermal equation of state as closure of the hydrodynamic
equations

p ¼ c2s� ; ð2Þ

where the sound speed cs equals the Keplerian velocity vK
times the disk aspect ratio h ¼ H=ðR sin �Þ. The length H is
the pressure scale height of the disk, which also represents
its semithickness. As the ratio h is assumed to be constant,
the disk is azimuthally and vertically isothermal, whereas
radially T / h2M�=ðR sin �Þ. This simplified approach per-
mits us to circumvent the difficulties posed by the solution
of a complete energy equation, which nobody has tackled
yet. In fact, this kind of computation would require a length
of time that is presently not affordable. As a reference, even
without including energetic aspects, the CPU time con-
sumed by our three-dimensional global simulations is
already between 10 and 20 times as long as that spent by
two-dimensional ones. An investigation into the effects that
may arise in two-dimensional disks when an energy equa-
tion is also taken into account will be presented in a forth-
coming paper.

However, an important issue to improve the physical
description of the system in the vicinity of the protoplanet is
to adopt an appropriate equation of state that can account
for the protoplanetary envelope. Yet, in our case this would
imply that either p or � should be specified in some volume
around the planet. In order to avoid this, we choose to con-
strain the local structure by means of suitable analytic
expressions for �p. We assume that the protoplanet has a
measurable size, i.e., it can be resolved by the employed
computational mesh. Within the planetary volume, we
approximately take into account the effects due to self-
gravity by imposing a certain gravitational field. Since we
aim at covering various possible scenarios, we utilize four
different forms of planet gravitational potential, each repre-
senting a protoplanet with different characteristics. It is
worthwhile to point out that with this choice none of the
hydrodynamic variables ð�; uR; u�; u’Þ are prescribed in any
case. They simply evolve in a particular gravitational field.
Therefore, planetary material is allowed to interact with the
surrounding environment so that their mutual evolutions
are still connected.

2.1. Planet Gravitational Potential

With no exception, both numerical and analytical works
that have so far investigated the interactions between mas-
sive bodies and protostellar disks have made the point-mass
assumption, i.e., that the protoplanet has a finite mass Mp

but no physical size, as was done in Papers I and II. This
property is expressed through the gravitational potential

�PM
p ¼ � GMp

R� Rp

�� �� ; ð3Þ

where Rp is the radius vector indicating the position of the
planet.

Because of the singularity at R ¼ Rp, a parameter " is
introduced in order to smooth the function over a certain
region. If we denote S ¼ R� Rp as the position vector
relative to the planet, the smoothed point-mass potential

can be written in the following form:

�PM
p ¼ �GMp

"
1þ S

"

� �2
" #�1=2

: ð4Þ

A physical meaning of the smoothing length can be deduced
from equation (4). The potential �p enters the Navier-
Stokes equations through its derivatives, which can be
reduced to @�p=@S because of the spherical symmetry of the
gravitational field. Restricting to distances S < ", a bino-
mial expansion of that derivative yields

@�PM
p

@S
’ GMp

"2
S

"

� �
1� 3

2

S

"

� �2
" #

� GMp

"2
S

"

� �
: ð5Þ

As we will see in x 2.1.1, equation (5) can be interpreted as
the sign-reversed gravitational force, per unit mass, exerted
by a spherically homogeneous medium of radius ". Thus,
the smoothing may act as an indicator of the size of the
planet.

Equation (4) may be appropriate to describe the solid
core of a protoplanet that does not possess any significant
envelope. Indicating with q the planet-to-star mass ratio
Mp/M*, in these computations we apply the potential �PM

p

in models with q > 3� 10�5, i.e., 10 times the Earth’s mass
(M�) whenM� ¼ 1M�. In all cases the smoothing parame-
ter " is set to 10% of the Hill radius RH.

4 Along with equa-
tion (4), we introduce three alternative expressions for �p,
namely, the potential of a homogeneous sphere (�HS

p ), that
describing a fully radiative and static envelope (�ST

p ), and
finally that proper for a fully convective and static envelope
(�KW

p ). A comparative example of their behavior is reported
in Figure 1.

Among the last three solutions, only the gravitational
potential generated by a homogeneous sphere has a com-
pletely different behavior from that given in equation (4),
while �ST

p as well as �KW
p compare better to a smoothed

point-mass potential. This is clearly seen in Figure 1 and for-
mally shown in xx 2.1.2 and 2.1.3. Thereupon, one should
expect that computation results should depend only
marginally on the adopted gravitational potential, except
when�p ¼ �HS

p .

2.1.1. Homogeneous Sphere Solution

The gravitational potential generated by a homogeneous
spherical distribution of matter can be calculated in a
straightforward way by a direct integration of the gravita-
tional force. Thereby, one finds

�HS
p ¼

�GMp

2Sp
3� S

Sp

� �2
" #

if S � Sp ;

�GMp

S
if S > Sp ;

8>>><
>>>:

ð6Þ

where Sp is the radius of the sphere, i.e., the planet’s
radius. No smoothing is needed in this case since the force

4 The radius of the Hill sphere is RH ¼ a q=3ð Þ1=3, where a is the distance
of the star from the planet. Considering only the linear terms in q, this
length is equal to the distance from the inner Lagrangian point (L1) to the
secondary. Althoughwe named S the distance from the planet, we preferred
to keep a more familiar notation to indicate the Hill radius.
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converges linearly to zero as the distance S approaches zero.
Thus, there is no risk of numerical instabilities.

Strictly speaking, equation (6) is valid inside very
extended and nearly homogeneous envelopes without con-
siderable cores. Then, one may think of the functions �PM

p

and �HS
p as rendering two opposite extreme situations.

Although �HS
p does not represent a very realistic scenario of

planet formation, for the sake of comparison and complete-
ness, we will apply this potential to high- as well as low-mass
bodies.

2.1.2. Stevenson’s Solution

Stevenson (1982) proposed a simplified analytical model
of protoplanets having envelopes with constant opacity and
surrounding an accreting solid core. He developed a
radiative zero solution for hydrostatic and fully radiative
spherical envelopes, which implies that both hydrostatic
equilibrium and thermal equilibrium are assumed inside the
planet’s atmosphere. Under these hypotheses, the core can
grow up to a critical mass whose value is that beyond which
at least one of the two equilibriums ceases to exist (see dis-
cussion in Wuchterl 1991) and the structure cannot be
strictly static any longer. The critical core mass also sets an
upper limit to the envelope and total mass of the planet. It
can be proved that, at this critical point,Mc=Mp ¼ 3

4, where
the mass of the core Mc is influenced by neither the nebula
density nor its temperature.

The potential of the gravitational field established by a
fully radiative envelope can be obtained from the density
profile (see Stevenson 1982) by applying the Poisson equa-

tion. Since the solid core size is by far below the resolution
limit of these computations, the form of the Stevenson’s
potential can be cast in the form

�ST
p ¼

� GMcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ �2

p � GMy
effiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2 þ �2
p

� 1� S

Sp

� �
þ ln

S

Sc

� �� �
if S � Sp ;

� GMpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ �2

p if S > Sp :

8>>>>>>><
>>>>>>>:

ð7Þ

In equation (7) we have indicated with Sc the core radius.
The quantity My

e is equal to the planet’s envelope mass
Me ¼ Mp �Mc divided by lnðSp=ScÞ. The presence of the
parameter �, also in the solution valid outside the envelope,
is necessary for continuity reasons at S ¼ Sp. In these simu-
lations we set � ¼ 0:05RH.

If the core has a density �c ¼ 5:5 g cm�3 and accretes at
the rate of 5� 10�7 M� yr�1, assuming an envelope opacity
equal to 1 cm2 g�1 and a mean molecular weight of 2.2, the
critical total mass is 36 M�. Hence, we will use equation (7)
only for protoplanets whose total mass Mp is less than that
value. Furthermore, we will suppose that the ratio of the
total planetary mass to the core mass is the critical one.
Therefore, the core mass is always known once the massMp

is assigned a value. Then, supplying �c, the radius Sc can be
fixed.

The effects caused by equation (7) are actually similar to
those caused by equation (4), as seen in Figure 1. In a more
formal way, inside of the sphere S ¼ Sp, the normalized

Fig. 1.—Left: Gravitational acceleration (�@�p=@S) inside a 20 M� planet as generated by the three potential functions �PM
p , �HS

p , and �ST
p (eqs. [4], [6],

and [7], respectively). Accelerations are normalized to�GMp=S2
p , where Sp is the envelope radius. The core mass (see x 2.1.2) is 15M�while Sp ¼ 0:52RH. The

core is supposed to have a density of 5.5 g cm�3. The point-mass potential is smoothed over a length " ¼ 0:1RH, whereas in Stevenson’s potential
� ¼ 5� 10�2RH. Right: Same quantity displayed inside a 90M� planet but this time involving the potential solution �KW

p (eq. [9]). The adiabatic exponent is
� ¼ 1:43 while the core mass is 60M�. In all circumstances, the gravitational potential outside the envelope radius is of the type given in eq. (4).
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difference RST between the two gravitational fields can be
quantified by the ratio of @�ST

p =@S � @�PM
p =@S

�� �� to
@�PM

p =@S, that is,

RST ¼ 1

4 lnðSp=ScÞ
�

S

� �2

� �

Sp

� �
�

S

� �
þ ln

Sp

S

� �" #
: ð8Þ

In the above relation, the equality " ¼ � was imposed. RST

is a decreasing function of S. Referring to the models
addressed in the left-hand panel of Figure 1, RST ’ 5% at
S=Sp ¼ 1

3. This result is only slightly affected by the mass of
the planet because Sp is a slowly varying function ofMp.

2.1.3. Wuchterl’s Solution

Along with the fully radiative envelope, other static solu-
tions were found. Following the track of Stevenson’s argu-
ments, Wuchterl (1993) developed an analytical model for
protoplanets with spherically symmetric and fully convec-
tive envelopes. In this case the hydrostatic structure is deter-
mined by the constant entropy requirement that is
appropriate when convection is very efficient. Supposing
that the adiabatic exponent � ¼ d ln p=d ln � is constant
throughout the envelope, integrating the envelope density
one finds that a solution for the planet gravitational
potential is

�KW
p

¼

� GMcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ �2

p � GMz
effiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2 þ �2
p

� �

� � 1

� �
S

S�
p

� �
� 1

� � 1

� �
S

S�
p

� ��

��

" #
if S � S�

p ;

� GMpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ �2

p if S > S�
p ;

8>>>>>>>>><
>>>>>>>>>:

ð9Þ

where we set � ¼ ð3�� 4Þ=ð�� 1Þ and � ¼ ðSc=S�
p Þ� .

Moreover, the envelope mass is written as Me ¼
ð1� �ÞMz

e . The condition for stability of gas spheres
(� > 4=3) implies that � is positive. This particular form of
�KW

p is obtained by choosing an envelope radius equal to
S�
p ¼ ð�� 1ÞRacc. The length Racc ¼ GMp=c2s is called the

‘‘ planetary accretion radius.’’ Outside the sphere S ¼ Racc

the thermal energy of the gas is higher than the gravitational
energy binding it to the planet.

As in Stevenson’s solution, critical mass values exist for
the envelope structure to be static. However, unlike the fully
radiative envelope case, now the critical core mass depends
on both the temperature and the density of ambient mate-
rial. Furthermore, the critical mass ratio is Mc=Mp ¼ 2

3 (for
details see Wuchterl 1993). Setting C to 1.43 and the mean
molecular weight to 2.2, if nebula conditions are Tneb ¼ 100
K and �neb ¼ 10�10 g cm�3, the critical total mass is
Mp ¼ 274M�.

Wuchterl’s solution well applies to massive protoplanets
since they are likely to bear convective envelopes.

Concerning the differences between equation (9) and
equation (4), the situation is similar to that met in x 2.1.2
(see right-hand panel of Fig. 1). In this circumstance, for

S � Sp, the normalized difference can be written as

RKW ¼ 1

3

1

1� �

(
1þ �

� � 1

� �
�

Sp

� �
�

S

� �

� 1� S

Sp

� ���1
" #

� S

Sp

� ��
)
: ð10Þ

As before, the equality " ¼ � is assumed andRKW decreases
with S. Using the parameters adopted for the models illus-
trated in the right-hand panel of Figure 1, RKW ’ 18% at
S=Sp ¼ 1

3. In the considered range of masses, this number is
nearly constant. In fact, equation (10) can be approximated
to

RKW � 1

3
1� S

Sp

� ��
" #

: ð11Þ

2.2. Physical Parameters

We consider a protostellar disk orbiting a 1M� star. The
simulated region extends for 2� around the polar axis and,
radially, from 2.08 to 13 AU. The aspect ratio is fixed to
h ¼ 0:05 throughout these computations. As in Paper I, the
disk is assumed to be symmetric with respect to its mid-
plane. This allows us to reduce the latitude range to the
northern hemisphere only, where h varies between 80� and
90�. The colatitude interval includes 3.5 disk scale heights;
therefore, it assures a vertical density drop of more than 6
orders of magnitude (see x 3.3). The mass enclosed within
this domain is MD ¼ 3:5� 10�3 M�, which implies, in our
case, that a mass equal to 0.01M� is confined inside 26 AU.
Disk material is supposed to have a constant kinematic vis-
cosity � ¼ 1015 cm2 s�1, corresponding to � ¼ 4� 10�3 at
the planet’s location.

The orbital radius of the planet is Rp ¼ 5:2 AU, and its
azimuthal position is fixed to ’ ¼ ’p ¼ �. We concentrate
on a mass range stretching from 1.5 M� to 1 MJ, implying
that the mass ratio q ¼ Mp=M� 2 ½4:5� 10�6; 10�3	, if
M� ¼ 1 M�. A detailed list of the examined planetary
masses, along with the adopted potential form, is given in
Table 1.

The choice of few of the above parameters represents one
typical example during the early phase of planet formation.
Additionally, these simulations offer the good advantage
that the system of equations is cast in a nondimensional
form; thus, all of the outcomes are ‘‘ scale-free ’’ with respect
toM*,MD, andRp.

According to studies of the early evolution of protopla-
nets, the Roche lobe is usually filled during the growth
phase. In such calculations the envelope is allowed to extend
to either the Hill radius RH or the accretion radius Racc

(Bodenheimer & Pollack 1986; Wuchterl 1991; Tajima &
Nakagawa 1997). Except for Wuchterl’s solution, where we
set Sp ¼ S�

p ¼ ð�� 1ÞRacc, the estimates of planet radii used
in the simulations were provided by P. Bodenheimer (2001,
private communication). They originate from a combina-
tion of RH and Racc at an ambient temperature of T ¼ 100
K (see Fig. 2). The values of Sp, employed in each model, are
also reported in Table 1.

It is worthwhile to stress that the planetary (or more
properly, the envelope) radius Sp does not represent any real
physical boundary but only the distance beyond which the
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planet’s potential reduces to the one given in equation (4),
i.e., to a point-mass potential.

3. NUMERICAL ISSUES

The set of hydrodynamic equations that characterizes the
temporal evolution of a disk-planet system is solved numeri-
cally by means of a finite difference scheme provided by an
early FORTRAN-coded version of NIRVANA (Ziegler &
Yorke 1997; Ziegler 1998). The code has been modified and
adapted to our purposes as described in Papers I and II and
references therein. In order to investigate thoroughly the
flow dynamics in the neighborhood of the planet, a sufficient
numerical resolution is required. We accomplish that by
employing a nested-grid strategy. This can be pictured as
either a set of grids, each hosting an inner one, or a pyramid
of levels: the main grid (level 1) includes the whole computa-
tional domain, while inner grids (higher levels) enclose
smaller volumes around the planet, with increasing resolu-
tion. Levels greater than 1 are also called subgrids since they
are usually smaller in size. The linear resolution, in each
direction, doubles when passing from a grid to the inner
one.

The basic principles upon which the nested-grid techni-
que relies and how it is applied to disk-planet simulations in
two dimensions are explained in detail in Paper II and refer-
ences therein. The extension to the three-dimensional geom-
etry, although requiring some more complexity in the
exchange of information from one grid level to the neigh-
boring ones, is nearly straightforward. Coarse-fine grid
interaction (which sets the boundary conditions necessary
for the integration of subgrids) is accomplished via a direc-
tion-splitting procedure. Thus, with respect to the discus-
sion in Paper II, the addition of a third dimension just
requires the implementation of the third direction-splitting
step in the algorithm. Fine-coarse grid interaction (which
upgrades the solution on finer resolution regions) involves,
in three dimensions, volume-weighted averages in a spheri-
cal polar topology. These are given in the Appendix.

3.1. General Setup

For the study of the variety of planetary masses indicated
in Table 1, meeting both the requirements of high resolution
and affordable computing times, we realized a series of six
grid hierarchies, whose characteristics are given in Table 2.
With mass ratios q larger than 2� 10�4 (67 M�) only grids
G0 and G1 are utilized, whereas smaller bodies are investi-
gated with the other grid hierarchies. Thereupon, the finest
resolution we obtain in the whole set of simulations varies
from 0.03RH to 0.06RH. In all of the models presented here,
the planet is centered at the corner of a main grid cell, a
property that is retained on any higher hosted subgrid. As
the planet radial distance is Rp ¼ a=ð1þ qÞ, we adjust it by
tuning the value of the star-planet distance a. Adjustments
never exceed 0.7% over the nominal value of Rp given in
x 2.2. Every model is evolved at least until 200 orbits. The
evolution of massive planets (Mp 
 67 M�) is followed for
300–400 orbital periods because they take longer to settle on
a quasi-stationary state.

Gas accretion is estimated following the procedure
sketched in Paper II. For better accuracy, mass is removed
only from the finest grid level according to an accretion
sphere radius �acc and an evacuation parameter �ev. The

TABLE 1

Planetary Masses and Adopted Gravitational Potential

Mp
a

(M�) q Sp/RH RH/a Potential

333 ......... 1.00� 10�3 0.87 6.9� 10�2 PM, HS

253 ......... 7.56� 10�4 2.30b 6.3� 10�2 KW

166 ......... 5.00� 10�4 0.78, 1.70b 5.5� 10�2 PM, KW,HS

93........... 2.83� 10�4 1.20b 4.5� 10�2 KW

67........... 2.00� 10�4 0.70, 0.96b 4.0� 10�2 PM,KW

33........... 1.00� 10�4 0.60 3.2� 10�2 PM, HS

29........... 8.80� 10�5 0.58 3.1� 10�2 ST

20........... 6.00� 10�5 0.52 2.7� 10�2 HS, ST

15........... 4.50� 10�5 0.46 2.5� 10�2 ST

12.5 ........ 3.75� 10�5 0.44 2.3� 10�2 ST

10........... 3.00� 10�5 0.38 2.1� 10�2 PM,HS, ST

7............. 2.10� 10�5 0.34 1.9� 10�2 ST

5............. 1.50� 10�5 0.29 1.7� 10�2 HS, ST

3............. 1.00� 10�5 0.23 1.5� 10�2 ST

1.5.......... 4.50� 10�6 0.16 1.1� 10�2 ST

Note.—List of all the simulated planet masses: q ¼ Mp=M� is the
nondimensional quantity that enters the simulation. Note that
Mp ¼ 333 M� ¼ 1:05 MJ. The ratio RH/a is equal to (q/3)1/3 (see x 2.1).
Unless stated otherwise, envelope radii Sp are expressed through a combi-
nation of the Hill radius (RH) and the accretion radius (Racc) of the planet,
as plotted in Fig. 2 (courtesy of P. Bodenheimer). When required, we set
Mc ¼ 2

3Mp for a fully convective envelope andMc ¼ 3
4Mp for a fully radia-

tive one. The core radius is computed assuming a constant density
�c ¼ 5:5 g cm�3 in both cases.

a Values are rounded to the nearest integer numbers.
b Planetary radius used in Wuchterl’s solution: Sp ¼ S�

p ¼ ð�� 1ÞRacc

(see eq. [9]).

Fig. 2.—Envelope radius Sp, as provided by P. Bodenheimer (2001,
private communication), compared to the Hill radius RH and the accretion
radiusRacc. In a locally isothermal disk with aspect ratio h,RH is larger than
Racc when q < h3=

ffiffiffi
3

p
. While the scale of the left vertical axis is referred to

orbital radius Rp ¼ 5:2 AU, the scale on the right one is compared to the
radius of JupiterRJ ¼ 7:1� 104 km.
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former defines the spherical volume that contributes to the
accretion process, whereas the latter can be regarded as a
measure of the removal timescale in such volume. Two-
dimensional simulations showed that the procedure is fairly
stable against these two parameters. We constrain the
amount of removed mass per unit volume not to exceed 1%
of that available, as was done in Paper II. Regarding the
extension of the sphere of accretion �acc, we performed
simulations using different values, as stated in Table 3. Since
the planet actually works as a sink, our procedure only

furnishes upper limits to realistic planetary accretion rates
(see discussion in Tanigawa &Watanabe 2002).

However, we also inquire how mass removal can possibly
affect gravitational torques and, more generally, the dynam-
ics of the flow in the planet neighborhood by means of
models in which accretion is prohibited.

3.2. Boundary Conditions

In order to mimic the accretion of the flow toward the
central star, an outflow boundary condition is applied at the
inner radial border of the computational domain. The outer
radial border is closed; i.e., no material can flow into or out
of it. The same condition exists at the highest latitude
� ¼ 80�. Since the disk is symmetric with respect to its mid-
plane as mentioned in x 2.2, symmetry conditions are set at
� ¼ 90�. On subgrids, except for the midplane where sym-
metry conditions are applied, boundary values are interpo-
lated from hosting grids, by means of a monotonized
second-order algorithm (see Paper II for details).

The open inner radial boundary causes the disk to slowly
deplete during its evolution. For all the models under study,
we observe a depletion rate _MMD ¼ � _MM� measuring �10�8

M� yr�1, in agreement with the expectations of stationary
Keplerian disks: _MM� ¼ 3��� (Lynden-Bell & Pringle 1974).

In cases of gap formation, material residing inside the
planet’s orbit tends to drain out of the computational
domain. Since this material transfers angular momentum to
the planet, the lack of it may contribute to reduce both the
migration timescale and the planet’s accretion rate. To eval-
uate these effects, a Jupiter-mass model was run with a
closed (i.e., reflective) inner radial border.

3.3. Initial Conditions

The initial density distribution is a power law of the dis-
tance from the rotational axis r ¼ R sin � times a Gaussian
in the vertical direction

�ðt ¼ 0Þ ¼ �0ðrÞ exp � cot �

h

� �2
" #

; ð12Þ

which is appropriate for a thin disk in thermal and hydro-
static vertical equilibrium. The dependency of the midplane
value �0 with respect to r is such that the initial surface den-
sity profile � decays as 1/r1/2, as required by the constant
kinematic viscosity. However, we also ran a few models
where the relation �0(r) is such to account for an axisym-
metric gap, as often done to speed up the computations at
early evolutionary times.

The initial velocity field of the fluid is a purely, counter-
clockwise, Keplerian one corrected by the grid rotation:
uðt ¼ 0Þ � ð0; 0; vK � �prÞ. Thus, the partial support due
to the radial pressure gradient is neglected in the beginning.

4. SIMULATION RESULTS

4.1. Flow Dynamics near Protoplanets

Two-dimensional computations have shown that a cir-
cumplanetary disk forms around Jupiter-type planets,
extending over the size of its Roche lobe (Kley 1999; Lubow
et al. 1999; Tanigawa & Watanabe 2002). The numerical
experiments conducted in Paper II proved this characteristic
to belong not only to massive bodies but also to proto-
planets as small as 3 M�. The authors demonstrated that

TABLE 2

Grid Hierarchies Utilized in the Simulations

Grid MainGrid Size ng Subgrid Size

Number

ofModels

G0......... 121� 13� 319 4 54� 12� 48 10

G1......... 143� 13� 423 4 64� 12� 64 5

G2......... 121� 13� 319 5 54� 12� 48 19

G3......... 143� 13� 423 5 64� 12� 64 12

G4......... 121� 23� 319 5 54� 22� 48 4

G5......... 133� 13� 395 5 84� 16� 84 1

Note.—Grid sizes are reported as the number of grid points per
direction:NR �N� �N’. The third column (ng) indicates the number
of levels within the hierarchy. In order to achieve sufficient resolution
within the Roche lobe of the planet, grids G0 and G1 have been used
only for planetary masses in the range from 67M� to 1MJ. Grids are
ordered according to their computing time requirements, which grow
from top to bottom. The hierarchy G5 has been employed to execute
the model withMp ¼ 12:5M� (see discussion at the end of x 4.2).

TABLE 3

Mass Accretion Parameter �acc

Mp

(M�) q �acc/RH

Accreting

Onlya

333 ......... 1.00� 10�3 0.20, 0.15, 0.10 No

253 ......... 7.60� 10�4 0.10 Yes

166 ......... 5.00� 10�4 0.10 Yes

93........... 2.80� 10�4 0.10 Yes

67........... 2.00� 10�4 0.20, 0.10 No

33........... 1.00� 10�4 0.20, 0.10 No

29........... 8.80� 10�5 0.20, 0.10 No

20........... 6.00� 10�5 0.15, 0.10 No

15........... 4.50� 10�5 0.10 Yes

12.5 ........ 3.75� 10�5 0.10 Yes

10........... 3.00� 10�5 0.10 No

7............. 2.10� 10�5 0.10 Yes

5............. 1.50� 10�5 0.10 No

3............. 1.00� 10�5 0.10 Yes

1.5.......... 4.50� 10�6 0.07 Yes

Note.—The parameter �acc represents the radius of the
accreting region. Within this sphere the mass density is
reduced by roughly 1% after every time step. The length
�acc ¼ 0:1RH should be small enough to make the accretion
procedure almost independent of the evacuation parameter
�ev (Tanigawa & Watanabe 2002). At q ¼ 3� 10�5

(Mp ¼ 10 M�) a nonaccreting simulation was performed
with �p ¼ �HS

p (eq. [6]) as well as with �p ¼ �ST
p (eq. [7]). In

the case of lowest mass model (Mp ¼ 1:5 M�), we allowed
the ratio �acc/Sp to be less than 0.5, as in all of the other
models. For a better evaluation of _MMp, we used a modified
version of the grid system G3, which contains a sixth level,
comprising (approximately) the planet’s Hill sphere.

a A ‘‘No ’’ entry stands for the existence of a nonaccreting
model.
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the flow of such disks is approximately Keplerian down to
distances �0.1RH from the planet. One of the main features
of these disks is a two-arm spiral shock wave whose opening
angle (that between the wave front and the direction toward
the planet) is an increasing function of the mass ratio q and,
below Mp ¼ 67 M�, is roughly given by arctanðMÞ, in
which M ¼ uj j=cs is the Mach number of the circumplanet-
ary flow (D’Angelo, Kley, & Henning 2002b). The spiral
patterns shorten and straighten as the perturber mass
decreases. Eventually, for even smaller masses they disap-
pear and are not observable anymore when 1M� is reached.

Three-dimensional simulations shed new light on these
circumplanetary disks, demonstrating that they can behave
somehow differently from those depicted by two-dimen-
sional descriptions. Differences become more marked as the
mass of the embedded protoplanet is lowered. A major
point is that spiral waves are not so predominant as they are
in the two-dimensional geometry. This is clearly seen in the
top panels of Figures 3 and 4, where the midplane (� ¼ �=2)
density is displayed for four different planetary masses. The
double pattern of the spiral is still visible around a 67 M�
protoplanet (Fig. 3, top right panel). However, when consid-
ering a planet half that size, spiral traces are too feeble to be
seen on the image (Fig. 4, top left panel). Such an occurrence
was to be expected since the energy of the flow is not only
converted into the equatorial motion but can be also trans-
ferred to the vertical motion of the fluid. It was already
known from wave theories for circumstellar disks (Lubow
1981; Lubow & Pringle 1993; Ogilvie & Lubow 1999) and
related numerical calculations (Makita, Miyawaki, &
Matsuda 2000) that the three-dimensional propagation of
spiral perturbations may be significantly different from that
obtained in two dimensions because of the existence of verti-
cal resonances. Furthermore, Miyoshi et al. (1999) already
noticed in their shearing sheet models the weakening effect
of the finite disk thickness on the formation of spiral waves
around embedded protoplanets. Hence, we may argue that
the averaging of the pressure and the gravitational poten-
tial, which is accomplished in an infinitesimally thin disk,
enhances spiral features in disks.

The remainder of this section is devoted to a general
description of the vertical circulation of the material in
the vicinity of the planet. We start inspecting what hap-
pens in the slice ’ ¼ ’p, i.e., in the R-h surface contain-
ing the planet (see middle panels in Figs. 3 and 4). The
first thing to note is that the material above the equa-
torial plane moves toward the planet with a negligible
meridional component, in fact u�j j5 u (where u ¼ uj j).
Therefore, matter is nearly confined to h-constant surfa-
ces. This circumstance favors the use of two-dimensional
outcomes as predictions of three-dimensional expecta-
tions (Masset 2002). However, this turns out to be true
only far away from the planet. In fact, as the fluid enters
a certain region around the Hill sphere, its dynamics
changes drastically. The beginning of this zone is marked
by two shock fronts, which actually develop well outside
the Roche lobe of the restricted three-body problem. The
distance of the shock fronts from the perturber, if com-
pared to RH, shrinks from 2.61 to 1.16 as Mp is increased
from 10 M� to 1 MJ. Generally, shocks are not placed
symmetrically with respect to the planet. Past these
shocks, material is deflected upward and then recirculates
downward, while approaching the radial position of the
planet (see middle panels in Figs. 3 and 4).

At R � Rp, matter suffers an unbalanced gravitational
attraction by the planet and accelerates downward toward
it. Velocities are supersonic, reaching a Mach number
M ’ 8 when 67 M�dMp � 1 MJ and M ’ 2 if Mp ¼ 20
M�. They become subsonic for planetary masses between
10 and 1.5 M�, ranging from 30% to 5% of the local sound
speed. Because of the sinking material, at � ¼ �=2 the flow
field is slightly horizontally divergent from the planet loca-
tion.

As one can judge from Figure 4 (middle panels), the flow
gets less and less symmetric, with respect to Rp, as the planet
mass is reduced. Recirculation persists before the planet
(R < Rp) but vanishes behind it (R > Rp). Any symmetry
disappears starting fromMp ¼ 5M� downward.

Along the azimuthal direction (slice R ¼ Rp, i.e., in the
surface ’-h containing the planet), the bottom panels of Fig-
ures 3 and 4 show an even more complex situation. Below
166 M�, the region of influence of the planet appears to be
more comparable in size with the Roche lobe. However,
apart from that, the general behavior of the flow differs from
case to case, having in common a rapid descending motion
when the material lies above the planet. Around Jupiter-
sized planets some kind of weak, nonclosed recirculation
may be seen. This flow feature is still present at both sides of
a 29 M� planet (Fig. 4, bottom left panel), whereas it tends
to vanish in models with lower q-ratios.

4.1.1. Nonaccreting Protoplanets

Here we should dedicate some attention to the differences
existing between accreting and nonaccreting protoplanets.
Since the gas is locally isothermal, pressure is proportional
to the density according to equation (2). Because of the mass
removal, density nearby the planet is lower in accreting
models than it is in nonaccreting ones. In Table 4 the mass
M̂Me enclosed within the envelope radius Sp is quoted for the
two sets of models, along with the mean density �̂�e. These
values demonstrate that the amount of material contained
in the volumes of nonaccreting planets can be considerably
larger than in the other case (even 6 times as much). Since
the pressure must converge in the two cases, when the dis-
tance from the planet S4Sp, a higher mean pressure in the
envelope intuitively implies a larger magnitude of the pres-
sure gradient inside this region.

As an example, we illustrate in Figure 5 the velocity field
in two perpendicular slices � ¼ �=2 (i.e., the equatorial
plane) and ’ ¼ ’p (i.e., the surface R-h passing through the
planet), in order to show how the enhanced density values
affect the local circulation. The targeted body has Mp ¼ 20
M� because, among the eight available models for which
accretion is not considered (see Table 3), this is the one that
suffers an orbital migration substantially different from
accreting counterpart models. From the isodensity lines dis-
played in Figure 5, one can infer that matter is spherically
distributed around the nonaccreting protoplanet (left-hand
panels). For this reason the net torque arising within a
region of radius�RH is nearly zero. This does not happen in
the other case because the symmetry is not so strict.

The top right panel clearly indicates the existence of a
rough balance between gravitational and centrifugal force,
with the pressure gradient playing a marginal role in oppos-
ing the planet potential gradient. On the other hand, from
the circulation in the top left panel of Figure 5 one can
deduce that the pressure gradient is no longer negligible
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Fig. 3.—Density slices with an overplotted two-component velocity field. In order to comprise the whole density range, the gray scale represents the
logarithm of the density (log �). The evolutionary time is 200 orbital periods. Slices are cut at the planet location: � ¼ �=2 (top), ’ ¼ ’p (middle), and R ¼ Rp

(bottom). Both models are accreting and executed withWuchterl’s potential. In physical units, � ¼ 10�2 is equivalent to 4:22� 10�11 g cm�3. Left-hand panels:
Planet with a total massMp ¼ 166M� and a core mass equal to 2

3Mp (critical core mass).Right-hand panels: Planet withMp ¼ 67M� and a critical core mass.
The curve drawn in each panel indicates the trace of the Roche lobe. In the top left and right panels, the flow reaches velocities equal to �3 and �2 km s�1,
respectively. In the other panels, maximum velocities are on the order of�4 km s�1. [See the electronic edition of the Journal for a color version of this figure.]
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Fig. 4.—Density slices of the same type as in Fig. 3, illustrating low-mass accreting planets after 200 orbits. In these simulations, Stevenson’s potential is
employed. In physical units, the density scale is as in Fig. 3. The density value � ¼ 10�2 corresponds to 4:22� 10�11 g cm�3. Left-hand panels: Planet with
Mp ¼ 29 M� and a critical core mass Mc ¼ 21:7 M�. Maximum flow speeds, within S ¼ RH, are �1 km s�1 in each of the three panels. Right-hand panels:
Planet withMp ¼ 10M� and a core massMc ¼ 7:5M�. Inside of the Hill sphere, maximum velocities are on the order of 0.2 km s�1. [See the electronic edition
of the Journal for a color version of this figure.]
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compared to the potential gradient and can therefore coun-
terbalance its effects.

Moreover, the flow above the disk midplane (middle and
bottom left panels) suggests that gas is ejected at R < Rp.
Such a phenomenon must be ascribed to the pressure gra-
dient as well, since the fluid opposes any further compres-
sion. These qualitative arguments will be quantitatively
corroborated in x 5, where we will show that the increased
amount of matter causes the envelope to be pressure
supported.

We mention in the caption of Figure 5 that the flow may
travel supersonically within the atmospheric region,
although both Stevenson’s and Wuchterl’s gravitational
potentials rely on the hypothesis of quasi-hydrostatic equili-
brium. Such a discrepancy can be attributed to the rate of
mass removal from the innermost parts of the planet’s enve-
lope, which is not considered in the derivation of those ana-
lytic solutions. In fact, while supersonic speeds have been
measured in some accreting models, the flow is always sub-
sonic in the envelope of nonaccreting planets. This can also
be understood with simple arguments. We said before in this
section that mass accretion is responsible for the Keplerian-
like circulation around protoplanets, in the disk midplane.
Hence, the local (equatorial) Mach number should be on
the order of (qRp/S)

1/2/h. If evaluated at S � Sp, this quan-
tity yields M � 1:3 for a 20 M� body, which is comparable
to the value reported in the caption of Figure 5. Along the
vertical direction, if the velocity is approximated to that of a
spherically accreting flow, then u� � _MMp=ð4�S2�Þ. At
S ¼ �acc ¼ 0:1RH, that relation gives a (meridional) Mach
number M � 1:8 when applied to the accreting model
shown in Figure 5. In addition, this number is similar to the
measured value.

4.2. Gravitational Torques and Orbital Migration

Gravitational torques are believed to be responsible for
the migration of protoplanets from their initial formation
sites. In this work torques are directly estimated from the
gravitational force exerted by each fluid element of the cir-
cumstellar disk on the planet. When computing the gravita-
tional force, we consider the density solution on the finest
available grid level. This procedure permits us to obtain
higher accuracy because of the increasing resolution of
hierarchy levels.

Since the planet is an extended object, torques acting on
each of its portions should be calculated and then added
up to give the total torque vector, whose most general
expression5 is

TD ¼
Z
MD

Z
Mp

ðRp þ SÞ� G dMDðRÞdMpðSÞ
R� Rp � S
�� ��3 R : ð13Þ

Equation (13) explicitly states that circumstellar material
can alter both the orbital and rotational spins of a proto-
planet. However, here we shall confine our study to varia-
tions of the planet’s orbital angular momentum because the
evaluation of the rotational spin requires a rigorous treat-
ment of the envelope self-gravity. This is not done here, as
stated in x 2 (see eq. [1]). Thereby, we can proceed as if the
whole planetary mass were concentrated in its geometrical
center R ¼ Rp and integrate the force over the whole disk
domain, excluding the volumeVp occupied by the planetary
envelope. Yet, outside of such volume the gravitational
potential is always that of a point-mass object (see the
behavior of eqs. [4], [6], [7], and [9], for S > Sp); therefore,
equation (13) simplifies and becomes

TD ¼ Rp �

Z
R62Vp

r�PM
p �ðRÞdVðRÞ: ð14Þ

The orbital angular momentum of a protoplanet can be
affected only by the z-component (that parallel to the polar
axis) of the torque vectorTD. To avoid useless distinctions,
we indicate this component as TD. The sign of TD deter-
mines the gain (positive torques) or loss (negative torques)
of orbital spin. Larger spins correspond to more distant
orbits. Since torques generally change on timescales on the
order of �50 revolutions, we work with their final magni-
tudes. We usually observe a slow decay of TDj j with time
(see also the end of x 4.3).

Two-dimensional computations reveal that torques
exerted by circumplanetary material may amount to a fair
fraction of the total torque, unless a suitable smoothing
length (usually of the size of the Hill radius) is used in the

TABLE 4

Mass Enclosed within the Envelope Radius

No Accretion Accretion

Mp M̂Me �̂�e M̂Me
a M̂Me

b M̂Me
c

67............... 7.07� 10�1 9.37� 10�11 1.07� 10�1 . . . 7.67� 10�2

29............... 2.74� 10�1 1.45� 10�10 6.49� 10�2 . . . . . .

20............... 2.26� 10�1 2.43� 10�10 3.68� 10�2 3.18� 10�2 . . .

10............... 1.29� 10�2 7.12� 10�11 9.76� 10�3 . . . . . .
5................. 2.24� 10�3 5.56� 10�11 2.17� 10�3 . . . . . .

Note.—All masses are relative to the Earth’s mass. The mean density �̂�e within the planet’s
radius is expressed in cgs units. We consider only simulations that were run with Stevenson’s
potential. The mass M̂Me is evaluated assuming a disk mass MD ¼ 3:5� 10�3 M�. Hence, the
values in the table do not account for the disk depletion rate _MMD, which is on the order of
3� 10�3 M� yr�1.

a Frommodels with �acc ¼ 0:10RH.
b Frommodels with �acc ¼ 0:15RH.
c Frommodels with �acc ¼ 0:20RH.

5 We would like to stress that in this form all of the gravitational contri-
butions (due to star, planet, disk self-gravity, etc.) are implicitly enclosed in
the differentials dMDðRÞ and dMpðSÞ.
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Fig. 5.—Two-component velocity field on the equatorial plane (top panels) and on the slice ’ ¼ ’p (middle and bottom panels) for a nonaccreting, 20 M�
planet (left-hand panels) and an accreting planet of the same mass (right-hand panels) with an accreting sphere radius �acc ¼ 0:15RH. Lines of equal log � are
also drawn. The dashed line represents the Roche lobe of the restricted three-body problem. In the accreting model, the equatorial flow (� ¼ �=2) in the
planet’s envelope has a Mach numberMd1:2, whereas for the meridional flowMd2. In the nonaccreting computation the fluid travels subsonically in both
the midplane and the meridional slice (Md0:2).



planet gravitational potential �p. This is caused by the high
surface densities reached around the planet and the lack of a
vertical torque decay that naturally occurs in three dimen-
sions (see x 5). In fact, in three dimensions, we observe that
torques arising from locations close to the planet do not
play such an important role as they do in two dimensions.

Analyzing the relative strength of torques exercised by
different disk portions, it turns out that in the mass range
q 2 ½2� 10�4; 1� 10�3	, dominating negative torques arise
from distances Se1:2hRp, where h is the disk aspect ratio.
Below 33M�, the largest net contributions are generated by
material lying between S ’ 0:6hRp and 2.2hRp. Therefore,
we can conclude that predominant torques are exerted at
distances from the planet comparable with the Hill radius.
Not more than 10% of TD is built up by matter located
within S � 0:6hRp.

Apart from the 20M� protoplanet, the total torque eval-
uated in nonaccreting models does not deviate considerably
from that estimated in accreting ones, independently of the
used potential. In fact, simulations based on the potentials
�PM

p , �HS
p , and �ST

p (eqs. [4], [6], and [7], respectively) supply
values ofTD that differ by less than 40%. This circumstance
may signify that, whether or not a protoplanet is still accret-
ing matter from its surroundings, this is not generally cru-
cial to the gravitational torques by the circumstellar disk.
Thereby, being an exception, the caseMp ¼ 20M� deserves
some comments. For such mass, the torque integrated over
the first two grid levels (Se2:2hRp) yields a positive value
for both accreting and nonaccreting planets. When adding
the contributions from the third and fourth levels
(0:6hRpdSd2:2hRp), the torque experienced by the planet
lowers; however, while it becomes negative in the accreting
case, it still remains positive in the nonaccreting counter-
part. It is especially matter residing between 1RH and 2RH

from the planet that builds up the difference. As material in
the uppermost grid level (Sd0:6hRp) of the nonaccreting
simulation does not exert any significant torques (some little
negative contribution is indeed measured in the accreting
model), TD keeps the positive sign although, in magnitude,
it is 11 times as small as that evaluated in the accreting case.
This phenomenon of torque reversal for nonaccreting plan-
ets with masses of about 20 M� may be related to the very
long migration timescales obtained for fully accreting mod-
els having massesMp � 10M� (see below and Fig. 6).

Conservation of orbital angular momentum implies that
a protoplanet has to adjust its orbital distance from the cen-
tral star because of external torques exerted by the disk. If
the orbit remains circular, the timescale over which this
radial drift motion happens is inversely proportional toTD,
according to the formula

	M ¼ a

_aaj j ¼
Mpa

2�p

2 TDj j : ð15Þ

In equation (15) we indicated with �p and a the planet’s
angular velocity and its distance from the star, respectively.
Linear, analytical theories (e.g., Ward 1997) provide two
separate regimes governing the migration of low- (type I)
and high-mass (type II) protoplanets. Both migration types
predict that the planet moves toward the star. More recent
studies by Masset (2001) and Tanaka et al. (2002) have
reconsidered the role of co-orbital corotation torques and
proved that they can be very effective in opposing Lindblad
torques. Hence, they can significantly slow down inward

migration. Two-dimensional results presented in Paper II fit
well to these predictions. A further reduction of the migra-
tion speed is expected from a full three-dimensional treat-
ment of torques, as also derived numerically by Miyoshi et
al. (1999) and theoretically predicted by Tanaka et al.
(2002).

Figure 6 shows our estimates for the migration timescale
	M as computed for models having different masses and in
which the potential solutions �PM

p , �KW
p , and �ST

p were
adopted. We compare these values with the two analytical
theories developed by Ward (1997) (solid line) and Tanaka
et al. (2002) (dashed line). The first of them comprises both
migration regimes, although accounting only for Lindblad
torques. The second theory is limited to type I migration,
albeit it treats both Lindblad and corotation torques. More-
over, the first is explicitly two-dimensional, whereas the sec-
ond is applicable in two as well as three dimensions.

As one can see from Figure 6, numerical results are very
similar forMp 
 67M�, yielding 	M � 5� 104 yr, whatever
of the four gravitational potentials is used (see also Table 5).
While this timescale is consistent with Ward’s (1997)
description if Mp ¼ 67 M�, for more massive planets it is
nearly 2 times as short as the theoretical prediction. The
depletion of the disk inside the planet’s orbit is probably
responsible for part of the discrepancy (see x 4.5) because
Ward’s theory assumes a disk with a constant unperturbed

Fig. 6.—Migration timescale vs. the mass ratio q ¼ Mp=M�. Outcomes
from simulations carried out with the various forms of gravitational
potential are marked with different symbols. At q ¼ 10�4 and 6� 10�5, cal-
culations carried out with the point-mass potential were initiated with a
density gap (see x 3.3). To avoid confusion, migration rates obtained from
models with �p ¼ �HS

p (eq. [6]) are quoted in Table 5. The solid line repre-
sents the theoretical prediction by Ward (1997), which does not include
corotation torques and three-dimensional effects. Both are indeed
accounted for in the analytical model by Tanaka et al. (2002) (dashed line).
The parameter �a2�p=MD, needed to draw the analytic curves, was
retrieved from the initial surface density profile (see x 3.3). The scale on the
right vertical axis gives the migration rates of a protoplanet orbiting at
1 AU from the primary.
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surface density. In the type I regime, our numerical experi-
ments with �p ¼ �ST

p (eq. [7]) reproduce well the behavior
of the analytical curve when Mp ¼ 30, 20, 5, 3.3, and 1.5
M�.

Computations executed with �p ¼ �HS
p (eq. [6]) probably

underestimate the magnitude of differential torques because
of the much weaker gravitational field. Nevertheless, for
Jupiter-mass and Earth-mass protoplanets, migration times
yielded by these models compare well to those displayed in
Figure 6, as proved by the values reported in Table 5.

Significant deviations from the linear estimate of Tanaka
et al. (2002) are observed in the mass interval [7, 15] M�,
where the migration time is longest at 10M�. For this planet
	M, estimated with Stevenson’s as well as the point-mass
potential, is 30 times as long as the theoretical description
by Tanaka et al. (2002) predicts. This depends on the strong
positive torques arising at S > 2hRp, which are not effi-
ciently contrasted by negative ones generated inside
S ’ hRp. However, for this particular planetary mass, we
obtain discrepant estimates from computations performed
with different resolutions. In fact, the simulation carried out
with the grid G2 yields a positive total torque acting on the
planet; i.e., it predicts an outward migration, whereas mod-
els based on the higher resolution hierarchies G3 and G4
provide a negative total torque. Yet, the absolute value of
TD evaluated with grid G4 is one-seventh of that achieved
with grid G3.

Since we believe that gravitational torques are accounted
for in a more accurate fashion by hierarchy G3 than by grid
G4 because of the arguments in x 4.5, we may rely more on
the outcome of the hierarchy G3 (shown in Fig. 6) rather
than on the other two. We note that such migration time
(	M ¼ 3:3� 106 yr) is roughly the double of that supplied
by theMp ¼ 10M�, nonaccreting model.

We have further inquired into the matter by running a
simulation withMp ¼ 12:5M� and �p ¼ �ST

p (see Table 1).
Based on the experience acquired with models executed with
grids G3 and G4, we set up the high-resolution hierarchy
G5 (see Table 2). This grid is designed to better resolve those
regions responsible for the strongest torque contributions in
the mass interval [7, 15]M�. As seen in Figure 6, the result-
ing migration rate follows the trend established by the other
assessments in this range of masses.

The interesting property that computed migration time-
scales are very long for 10 M� planets may be caused by

nonlinearity effects.We note, in fact, that in numerical simu-
lations the first traces of a trough in the density structure are
observed around the same value ofMp and that gap forma-
tion starts when disk-planet interactions become nonlinear.
However, this issue needs to be addressed more thoroughly
with future computations.

4.3. Mass Accretion

Three-dimensional computations of 1 MJ bodies provide
estimates of the mass accretion rate _MMp on the same order of
magnitude as those obtained by two-dimensional ones (see
Paper I). Two-dimensional calculations performed by the
authors reveal a maximum of the accretion rate, as a func-
tion of the mass, around 0.5 MJ (see Paper II). Yet, those
estimates appear surprisingly high in the very low mass
limit. Part of the reason may lie in the assumed flat geome-
try, which cannot account for the vertical density stratifica-
tion. The present simulations overcome this restriction;
hence, they permit us to evaluate also the effects due to the
disk thickness.

The values of _MMp are plotted against the planetary mass
in Figure 7. As a comparison, estimates relative to models
with different gravitational potential solutions are shown.
The overall behavior of the data points resembles that
reported in Paper II, with a peak around 0.3 MJ. For
Mp ¼ 1 MJ the agreement between two and three-
dimensional models is very good and not much discrepancy
is seen down to Mp ¼ 20 M�, since values are comparable
within a factor of 3 (see x 4.4). Below this mass, however,
the accretion rate rapidly declines, a drop that is not
observed in two-dimensional outcomes. In fact, one can

TABLE 5

Migration Times Obtained with the Homogeneous

Sphere Potential

	M
(yr)

Mp

(M�) q Accretion NoAccretion

333................ 1.0� 10�3 5.04� 104 4.80� 104

166 ................ 5.0� 10�4 4.76� 104 . . .
33.................. 1.0� 10�4 2.10� 105 2.54� 105

20.................. 6.0� 10�5 5.74� 105 . . .

10.................. 3.0� 10�5 5.26� 105 4.78� 105

5.................... 1.5� 10�5 6.19� 105 . . .

Note.—Migration rates from accreting and nonaccreting
models in which �p ¼ �HS

p (eq. [6]). Timescales are sensibly dif-
ferent from those indicated in Fig. 6 only at Mp ¼ 33, 20, and
10M�.

Fig. 7.—Planet’s accretion rate as a function of the normalized planet
mass q. Different symbols stand for the different forms of gravitational
potential �p adopted in the computations. Apart from those models run
with the homogeneous sphere potential �HS

p (see eq. [6]), mass is removed
from a volume, centered on the planet, with radius �acc ¼ 0:1RH (see Table
3 for some details concerning the simulation with Mp ¼ 1:5 M�). Models
for which �p ¼ �HS

p have �acc equal to 0.2RH ifMp > 20M� and 0.15RH if
Mp ¼ 20M�; otherwise, �acc is set to 0.1RH.
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infer from Figure 7 that the dynamical range of _MMp stretches
for more than 2 orders of magnitude. By using model
results obtained applying the point-mass, Stevenson’s, and
Wuchterl’s potentials (eqs. [4], [7], and [9], respectively), the
following approximate relation can be found:

log
_MMp

M� yr�1

� �
’ b0 þ b1 log qþ b2 log qð Þ2 ; ð16Þ

whose coefficients are b0 ¼ �18:47 0:76, b1 ¼ �9:25
 0:38, and b2 ¼ �1:266 0:046. Equation (16) holds as
long as the mass ratio q 2 ½4:5� 10�6; 10�3	 or, for a 1 M�
star, when 1:5 M� � Mp � 1 MJ. Such an equation can be
applied to scenarios studying the global long-term evolution
of young planets.

Calculations in which the homogeneous sphere potential
�HS

p (eq. [6]) is adopted yield accretion rates substantially
lower (from 3 to 15 times) than those achieved when the
other potential forms are employed. This is due to the weak
gravitational attraction this potential exerts within the plan-
et’s envelope. As proved by Figure 1, the gravitational field
can be 100 times as small as that established by the other
three potential functions for S � Sp. Also in this circum-
stance, a relation similar to equation (16) exists for which
the coefficients are b0 ¼ �19:42 2:68, b1 ¼ �9:96 1:41,
and b2 ¼ �1:42 0:18.

While the accretion rate is fairly stable with time for
masses below 30 M�, it keeps reducing for higher masses.
Between 67 M� and 0.8 MJ, _MMp drops by 10%–20% during
the last 50 orbits of the simulations. This is an indication of
a deepening gap and a depleting disk. As for the dependency
on the accretion volume, from our numerical experiments it
is found that, doubling the radius �acc, the accretion rate

grows at most by 30%. The smaller the planet mass, the less
sensitive _MMp is to the parameter �acc.

4.4. Comparison with Two-dimensionalModels

In this section we aim at comparing the migration time-
scale as well as the planet’s accretion rate obtained in this
work with those presented in Paper II. However, while two-
dimensional estimates of _MMp (Fig. 25 in Paper II) are
directly comparable to those plotted here in Figure 7, the
timescales 	M shown in Figure 20 of Paper II are not com-
pletely consistent with those in Figure 6. Therefore, they
need to be corrected.

This is because in the present study torques are integrated
all over the disk domain excluding the planet envelope, i.e.,
the sphere of radius S ¼ Sp. Instead, in Paper II the
excluded region has a radius �0.1RH (for details see Paper
II, x 5.4). From Table 1 one can see that, above 33 M�, the
envelope radius Sp can be much larger than one-tenth of the
Hill radius.

Figure 8 illustrates the migration rate 	M (left-hand panel)
and the growth timescale 	G � Mp= _MMp (right-hand panel) as
computed in the two geometries. Orbital migration esti-
mated by means of three-dimensional simulations is slower
than that evaluated in two-dimensional calculations only
below 33 M� (q ¼ 10�4). As for the planet’s accretion, the
most important difference is the rapid drop, for Mp < 10
M�, observed in disks with thickness. The larger values of
three-dimensional estimates, measured in the range
10 M�dMpd1 MJ, are due to the gap that is not so deep
as it is in two-dimensional models; hence, the average
density around the planet is higher. This fact can be partly
attributed to gravitational potential effects that, as we

Fig. 8.—Left: Migration rates as evaluated in two- (Paper II) and three-dimensional models (this paper). Right: Comparison of the growth timescales
	G � Mp= _MMp, between two- and three-dimensional outcomes, using the same sources as in the left-hand panel. Filled triangles, in both panels, indicate results
obtained from three-dimensional models in which the planetary gravitational potential is�PM

p ,�ST
p , or�KW

p .
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mentioned in x 4.1, are intensified by the flat geometry
approximation.

4.5. Numerical Effects

In Paper II it was found that, upon increasing the
smoothing parameter, there is a reduction of the torques’
mismatch, over a region around the planet whose linear size
is comparable with the double of the smoothing length. A
33 M� model was run with a point-mass potential without
any kind of softening. This is possible because none of the
hydrodynamical variables are placed at a cell corner, where
the planet dwells. A similar simulation was performed
applying a grid-dependent smoothing of the type described
in Paper II. Resulting migration timescale and mass accre-
tion are not significantly affected by the smoothing choice.

As for the consequences of the circumstellar disk deple-
tion, inside of the planet’s orbit, we ran a Jupiter-mass
model in which both inner and outer radial borders were
closed. Since more material is available in the disk portion
R < Rp (roughly 12 times as much), one should expect
larger values for both _MMp and 	M. Indeed, accretion is 2
times as much as that calculated in the model with open
inner border. Positive torques arising from the inner disk
are also stronger andTD is reduced by 50%; i.e., the migra-
tion timescale is 2 times as long.

When simulating a Jupiter-sized body embedded in a disk
with no initial gap, a density indentation is gradually carved
in. In order to skip the gap formation phase, an approxi-
mate analytical gap is sometimes imposed in the initial den-
sity distribution (see Kley 1999). We performed three
computations adopting this choice. In these cases, a partial
shrinking and refilling of the analytical gap are observed.
Besides, material drains out of the inner radial border faster
than it does in our standard models (no initial gap). Hence,

the inner disk depletion is intensified. With respect to stan-
dard models, we measure smaller accretion rates and longer
migration timescales. Discrepancies in both quantities stay
below 20%, after 200 orbits. However, since the model out-
comes indicate a tendency to converge as the evolution pro-
ceeds, a more appropriate comparison should be made after
a long-term evolution.

4.5.1. Grid Resolution

Hardly any hydrodynamic calculation is strictly resolu-
tion independent. Thus, for completeness we analyze in this
section how our estimates on migration and accretion vary
because of different hierarchy resolutions. Two tests are pre-
sented for each of the quantities _MMp andTD. They are com-
puted with the aid of grid systems G3 and G4, and then
results are tested against those calculated with the less re-
solved hierarchy G2 (see Table 2). In this way we aim at
checking finite resolution effects in the radial and azimuthal
directions and, separately, those in the meridional direction.
In fact, G3 and G2 have the same number of grid points in
the vertical direction but DR½G3	 ¼ 0:82DR½G2	 and
D’½G3	 ¼ 0:75D’½G2	. In the other test case (G4 against
G2), R and ’ gridding is unchanged while the number of
latitude grid points is nearly doubled.

With regard to the mass accretion rate (Fig. 9, left-hand
panel) differences are below 20%. Although the number of
grid cells in the accretion sphere is enlarged by a factor of
either 1.7 or 2, no systematic tendency seems to arise from
this test. Something different happens to the total torque
(right-hand panel). In fact, while the increased resolution in
the latitude direction h does not play any considerable role,
the larger number of grid points in R and ’ causes a reduc-
tion of the total torque magnitude between 20% and 30%.
This is not at all unexpected. On one hand, circumstellar

Fig. 9.—Left: Comparison of the accretion rate _MMp as computed on grid systems with different resolutions. Squares indicate that the ratios
_MMpðG4Þ= _MMpðG2Þ are drawn, whereas triangles refer to the ratios _MMpðG3Þ= _MMpðG2Þ (see text). Right: Same type of comparison for the total torque TD

experienced by the protoplanet. Squares and triangles have the same meaning as before. At Mp ¼ 10 M�, we compare results from models with the
homogeneous sphere potential given in eq. (6), when available (for this particular mass value, see the discussion in x 4.2).
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disk spirals are better captured by a finer gridding in the
radial and azimuthal dimensions. Thus, Lindblad torques
are accounted for in a more accurate fashion. The figure
proves this to be especially true when the ratio q is small, as
a result of the diminishing wave amplitudes. On the other
hand, because of the vertical exponential drop of the density
and the lack of temperature stratification, disk layers above
the midplane do not contribute very much to TD. A finer
resolution along the vertical dimension cannot sensitively
modify the total torque outcome.

5. DISCUSSION

Here we devote some further comments to the differences
between accreting and nonaccreting protoplanets and then
to the effects of the vertical density structure on the gravita-
tional torques acting on embedded objects.

5.1. Pressure Effects in Protoplanetary Envelopes

For the purpose of carrying out a local analysis in the
vicinity of accreting and nonaccreting protoplanets, we
introduce a cylindrical coordinate reference system
fO0; l;  ; zg with its origin O0 coinciding with the planet
position and the z-axis perpendicular to the disk midplane.
Hence, we will have that S2 ¼ l2 þ z2. The longitude angle  
is counterclockwise increasing, and  ¼ � points toward the
star. Supposing that the flow nearby the planet is stationary,
neglecting fluid advection and viscosity, the Navier-Stokes
equation for the radial momentum reads

w2
 

l
¼ @�p

@l
þ 1

�

@p

@l
; ð17Þ

where w is the azimuthal velocity component around the
planet. Excluding the particular situation represented by a
homogeneous sphere (eq. [6]), the first term on the right-
hand side of equation (17) is positive (see Fig. 1). Recalling
equation (2), we see that the second term is proportional to
the density gradient, which is negative; therefore, it reduces
the centrifugal accelerationw2

 =l. In Figure 10 we show some
quantities, at z ¼ 0, averaged over the angle  , regarding the
same simulations addressed in x 4.1.1 (Mp ¼ 20 M� with
�p ¼ �ST

p ). From the top left panel one can realize that the
mean density is indeed higher in the nonaccreting case (solid
line) than it is in the accreting case (dashed line), as it was
argued in x 4.1.1 from the values listed in Table 4. In order to
evaluate how much the pressure gradient affects the left-
hand side of equation (17) in both cases, we plot the average
of such a quantity (hw2

 i=l) in the top right panel of Figure
10. The centrifugal acceleration is much smaller in the enve-
lope of the nonaccreting model (solid line) than it is in that of
the accreting one. Such a circumstance is a clear indication
that the envelope is pressure supported in the first case. The
behavior of the averaged velocities hw i and hwli is shown in
the two bottom panels. As expected in a pressure-dominated
flow, the magnitude of both velocity components is smaller
in the nonaccreting model (dashed lines).

5.2. Torque Overestimation in Two-dimensional Geometry

Gravitational torques exerted by a three-dimensional
disk onto a medium- or low-mass protoplanet are weaker
than those generated by a two-dimensional disk. Miyoshi et
al. (1999) state that the total torqueTD in three dimensions

is 0.43 times as small as that in two dimensions. Something
similar was found by Tanaka et al. (2002). Our fully nonlin-
ear calculations predict that low-mass protoplanets have a
migration rate (at least) an order of magnitude less in disks
with thickness than they have in infinitesimally thin disks.
One of the main reasons for that relies on the vertical decay
of the density, as one can demonstrate easily with a simpli-
fied approach.

Let tz be the z-component of the gravitational torque
exerted by a column of mass �l dl d , located at distance l
from the planet (see x 5.1). The surface density is defined as
� ¼

R
� dz. If fg is the force exerted by such mass distribu-

tion, projected on the equatorial plane, then we can write

tz ¼ Rpfg sin : ð18Þ

The ratio of tz[3D] to tz[2D] is therefore equal to


 ¼ fg½3D	
fg½2D	 ¼

l3

�

Z þ1

�1

�

l2 þ z2ð Þ3=2
dz : ð19Þ

Since fg[3D] and fg[2D] are coherent in sign, 
 is also equal
to the ratio of tz½3D	j j to tz½2D	j j. In order to quantify this
quantity, we can assume a Gaussian mass density profile
with a scale height H, which is appropriate as long as no
deep gap has formed. Thus,


 ¼ l3ffiffiffiffiffiffi
2�

p
H

Z þ1

�1

exp �z2=2H2ð Þ
l2 þ z2ð Þ3=2

dz : ð20Þ

The ratio 
 as a function of l is plotted in Figure 11, and it
evidences how a two-dimensional geometry overestimates
the magnitude of gravitational torques acting on the proto-
planet. In the limit l24z2, 
 converges to 1, which proves
that only torques arising from locations near to the planet
(ldH) are magnified.

Although larger torque magnitudes do not necessarily
imply faster migration speeds, they can favor a larger mis-
match between negative and positive torques and therefore
shorter 	M.

6. CONCLUSIONS

On the background of the numerical computations of
disk-planet interaction presented in Papers I and II, in this
paper we combine the full three-dimensional geometry of a
circumstellar disk with a nested-grid technique in order to
investigate in detail flow dynamics, orbital decay, and mass
accretion of protoplanets in the mass range from 1.5 M� to
1 MJ. Besides, we overcome the point-mass assumption by
employing analytic expressions of the gravitational poten-
tial derived from simple theoretical models of protoplanet-
ary envelopes. Each of them applies to distinct physical
situations: when the envelope mass is negligible with respect
to the core mass, when the envelope is homogeneous and
much more massive than the core, when the envelope is fully
radiative, and finally when it is fully convective.

Through a series of 51 simulations, we inspect the evolu-
tion and differences of protoplanets represented by the
aforementioned gravitational potentials. We analyze the
behavior of both accreting and nonaccreting objects.
Furthermore, we evaluate physical and numerical effects
due to our standard setup of the models. The computations
clearly show that to accurately determine the early physical
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evolution of planets, three-dimensional effects have to be
taken into account.

The main results of our studies can be summarized as
follows:

1. Above the disk midplane the flow is nearly laminar
only far away from the planet. The region of influence of the
planet extends well outside the Hill sphere, and its bounda-
ries are marked by vertical shock fronts. Past the shock,

matter is deflected upward and then downward. In some
cases, a closed recirculation is also observed. In the disk
midplane, spiral waves around the planet are not as strong
and tight as they appear in two dimensions because of wave
deflection in the vertical direction.
2. In the mass range of their applicability, Stevenson’s

and Wuchterl’s gravitational potentials produce flow
structures, close to the planet, similar to those determined
by a smoothed point-mass potential. Migration times and

Fig. 10.—Midplane quantities (z ¼ 0 or � ¼ �=2) azimuthally averaged around the protoplanet for two simulations in which �p ¼ �ST
p andMp ¼ 20 M�.

The solid line belongs to a nonaccreting model, the dashed line to an accreting one. Top left: Mass density. Top right: Centrifugal acceleration. Bottom left:
Rotational velocity. Bottom right: Velocity component along the radial distance l (see x 5). All of the four quantities indicate that the envelope is mostly
pressure supported in the nonaccreting case, whereas it is mainly centrifugally supported in the other.
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accretion rates are alike. In contrast, models with the (unre-
alistic) potential of a homogeneous sphere yield different
dynamics although, as for 	M and _MMp, not much difference
is observed for Jupiter- and Earth-sized bodies.
3. Since the numerical accretion procedure might be con-

sidered somewhat arbitrary, we ran several models in which
the protoplanet does not accrete at all. Nonaccreting models
behave differently from accreting ones in a volume whose
size is roughly comparable with the Hill sphere. Within this
region matter is pressure supported and thus a spherical
envelope builds up. Except for the case Mp ¼ 20 M�, the
total torque TD exerted by the disk is on the same order of
magnitude as that measured in accreting models.
4. According to Ward’s theory (Ward 1997), the migra-

tion speed settles to a constant value when the planet-to-star
mass ratio qe4� 10�4. Our numerical results give a similar
trend at a slightly different magnitude, however. Most of
these simulations predict an inward migration, except the
one where a 20 M�, nonaccreting protoplanet is involved.
In the mass range 7–15M�migration speeds can be 30 times
as slow as those predicted by Tanaka et al. (2002) although,
outside of this range, the agreement between our computa-
tional data and the type I migration by the same authors is
remarkably good. We suspect that this surprising outcome

may be caused by the onset of nonlinear effects appearing
around 10 M�, which conspire to give such long migration
timescales. If correct, this much slower inward motion may
help to solve the problem of the too rapid drift of planets
toward their host stars.
5. In agreement with studies on planet formation

(Bodenheimer & Pollack 1986; Tajima & Nakagawa 1997),
the growth timescale shortens as the protoplanet’s mass
increases. The minimum is found atMp ¼ 20M�, albeit the
feeding process slows down as soon as angular momentum
transferred by the planet to the surrounding material is large
enough to dig a density gap. Then, atMp � 1MJ, the accre-
tion rate greatly reduces and the growth timescale becomes
consistently very long. We present an analytical formula for
the growth rate that may be useful for global studies in
planet formation.
6. As far as migration and mass accretion are concerned,

two-dimensional computations still yield reliable results
when the mass ratio qe10�4 (Mpe30 M� if M� ¼ 1 M�).
In practice, two-dimensional geometry is applicable when-
ever the Hill radius RH exceeds the 60% of the local pressure
scale height of the disk H. For smaller masses, however,
three-dimensional calculations have to be considered.

The three-dimensional calculations presented here
achieve a new level of accuracy by using a sophisticated
nested-grid technique. This numerical feature allows a
global and local resolution not obtained hitherto. However,
similar to all of the previous calculations, the models pre-
sented here have one principal limitation: the lack of an
appropriate energy equation. Because of this, we could not
couple the thermal and the hydrodynamical evolution of the
system. If one wishes to do that in three dimensions, the
energy equation has to include radiation and convective
transfer. Yet, only with massive parallel computations can
one hope to pursue this goal. Thereupon, the direction of
future developments and improvements is already marked.
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Fig. 11.—Ratio of the tree-dimensional to the two-dimensional torque
exerted by a column of material lying at a midplane distance l from the
protoplanet (see x 5). The upper x-axis is in units of the disk semithickness
at the planet location:H ¼ hRp.

6 See http://www.aip.de/~ ziegler.
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APPENDIX

INTERPOLATION FORMULAE FOR THE FINE-COARSE GRID INTERACTION

The aim of this appendix is to furnish some algorithms useful for updating the values of scalars and momenta on a coarse
grid with those computed on the hosted (finer) grid, in spherical polar coordinates.

For this purpose, we indicate with �C the mass density to be interpolated on the coarse level. The interpolating values, on
the finer subgrid level, are indicated simply as �ði; j; kÞ. For the density average, the i-index varies between i and i þ 1, and so
do the other two indexes.

Accordingly, UC
R , U

C
� , and UC

’ are the coarse linear, meridional, and azimuthal angular momentum, respectively. The finer
values from which they are reset will be denoted as URði; j; kÞ, U�ði; j; kÞ, and U’ði; j; kÞ, respectively. For the average of the
radial vector component, the i-index varies between i � 1 and i þ 1, while the other two indexes vary between j (k) and j þ 1
(k þ 1). This is related to the locations where velocity components are defined on the mesh. In case of the meridional angular
momentum, the j-index ranges from j � 1 to j þ 1, while the others are i (k) and i þ 1 (k þ 1). For the azimuthal angular
momentum, it is the k-index to extend over the wider range.

The finer grid coordinates are ðRi; �j; ’kÞ, and the grid spacing is ðDR;D�;D’Þ (see Fig. 12), which is constant. Since the grid
has a staggered structure, scalars are volume centered; i.e., �ði; j; kÞ lies at ðRi þ DR=2; �j þ D�=2; ’k þ D’=2Þ, while �C
resides at ðRi þ DR; �j þ D�; ’k þ D’Þ, because the linear resolution doubles from a grid to the hosted one. Instead, vector
components are centered each on a different face of the volume element. For example, the radial component URði; j; kÞ is
located at ðRi; �j þ D�=2; ’k þ D’=2Þ, whereas the coarse radial momentum UC

R is defined at ðRi; �j þ D�; ’k þ D’Þ. The
locations of the other components follow by similarity.

The interpolation is basically a volume-weighted average. Eight volumes are necessary to carry out a scalar interpolation.
Momentum interpolations require that 12 spherical sectors must be employed. Yet, since the metric in a spherical polar
topology is independent of the azimuthal angle ’, some of them actually coincide. In order to distinguish among the four
volume sets, we introduce the notations V(�), V(R), V(h), and V(’), according to the quantity to average (�C, UC

R , U
C
� , and UC

’ ).
These four sets differ because of the space metric and the staggered mesh.

Once the correct elements have been identified, the coarse mass density can be replaced by

�C ¼
P

ijk �ði; j; kÞV ð�Þði; jÞ
2
P

ij V
ð�Þði; jÞ

: ðA1Þ

In fact, sectors V (�) are ’-independent; thus, only four volumes enter this average. In a similar fashion, corrected momenta
can be written, in a concise form, as

UC
� ¼

P
ijk U�ði; j; kÞV ð�Þði; j; kÞP

ijk V
ð�Þði; j; kÞ

; ðA2Þ

φk

Ri
Ri−1

Ri+1

φk+1

jθ

j+1θ

2∆θ
2∆φ

2∆R
Fig. 12.—Sketch of a spherical sector composed of two coarse grid cells (thick lines) and the set of nested cells (thin lines). The discretized spherical

coordinates ðRi ; �j ; ’kÞ are relative to the fine grid, and so is the resolution ðDR;D�;D’Þ. Scalars are cell centered on each grid level, whereas vector
components are face centered, each on a different face of the volume element.
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where � ¼ R, h, and ’. For computational purposes, a volume element is preferentially cast into the form

V ¼ DR3

3

� �
�D cos �ð Þ D’ð Þ : ðA3Þ

The four sectorsV(�) required in equation (A1) are the following:

V ð�Þði; jÞ ¼ 1
3 R3

iþ1 � R3
i

� �
cosð�jÞ � cosð�jþ1Þ
	 


D’ ;

V ð�Þði þ 1; jÞ ¼ 1
3 ðRiþ1 þ DRÞ3 � R3

iþ1

h i
cosð�jÞ � cosð�jþ1Þ
	 


D’ ;

V ð�Þði; j þ 1Þ ¼ 1
3 R3

iþ1 � R3
i

� �
cosð�jþ1Þ � cosð�jþ1 þ D�Þ
	 


D’ ;

V ð�Þði þ 1; j þ 1Þ ¼ 1
3 ðRiþ1 þ DRÞ3 � R3

iþ1

h i
cosð�jþ1Þ � cosð�jþ1 þ D�Þ
	 


D’ : ðA4Þ

Also for the radial and meridional directions, the denominator of equation (A2) reduces to 2
P

ij V
ð�Þði; jÞ, although the

summation includes six terms this time. Therefore, the set of volume elements necessary for the interpolation of the radial
momentumUC

R is

V ðRÞði � 1; jÞ ¼ 1
3

1
8 ðRi�1 þ RiÞ3 � R3

i�1

h i
cosð�jÞ � cosð�jþ1Þ
	 


D’ ;

V ðRÞði; jÞ ¼ 1
24 ðRi þ Riþ1Þ3 � ðRi�1 þ RiÞ3
h i

cosð�jÞ � cosð�jþ1Þ
	 


D’ ;

V ðRÞði þ 1; jÞ ¼ 1
3 R3

iþ1 � 1
8 ðRi þ Riþ1Þ3

h i
cosð�jÞ � cosð�jþ1Þ
	 


D’ ;

V ðRÞði � 1; j þ 1Þ ¼ 1
3

1
8 ðRi�1 þ RiÞ3 � R3

i�1

h i
cosð�jþ1Þ � cosð�jþ1 þ D�Þ
	 


D’ ;

V ðRÞði; j þ 1Þ ¼ 1
24 ðRi þ Riþ1Þ3 � ðRi�1 þ RiÞ3
h i

cosð�jþ1Þ � cosð�jþ1 þ D�Þ
	 


D’ ;

V ðRÞði þ 1; j þ 1Þ ¼ 1
3 R3

iþ1 � 1
8 ðRi þ Riþ1Þ3

h i
cosð�jþ1Þ � cosð�jþ1 þ D�Þ
	 


D’ : ðA5Þ

The group of elements involved in the updating process of the meridional angular momentumUC
� is

V ð�Þði; j � 1Þ ¼ 1

3
R3

iþ1 � R3
i

� �
cos �j�1

� �
� cos

�j�1 þ �j
2

� �� �
D’ ;

V ð�Þði; jÞ ¼ 1

3
R3

iþ1 � R3
i

� �
cos

�j�1 þ �j
2

� �
� cos

�j þ �jþ1

2

� �� �
D’ ;

V ð�Þði; j þ 1Þ ¼ 1

3
R3

iþ1 � R3
i

� �
cos

�j þ �jþ1

2

� �
� cos �jþ1

� �� �
D’ ;

V ð�Þði þ 1; j � 1Þ ¼ 1

3
Riþ1 þ DRð Þ3�R3

iþ1

h i
cos �j�1

� �
� cos

�j�1 þ �j
2

� �� �
D’ ;

V ð�Þði þ 1; jÞ ¼ 1

3
Riþ1 þ DRð Þ3�R3

iþ1

h i
cos

�j�1 þ �j
2

� �
� cos

�j þ �jþ1

2

� �� �
D’ ;

V ð�Þði þ 1; j þ 1Þ ¼ 1

3
Riþ1 þ DRð Þ3�R3

iþ1

h i
cos

�j þ �jþ1

2

� �
� cos �jþ1

� �� �
D’ : ðA6Þ
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In order to perform the interpolation of the azimuthal angular momentum UC
’ , the following set of volume elements is

required:

V ð’Þði; j; k � 1Þ ¼ 1

3
R3

iþ1 � R3
i

� �
cos �j

� �
� cos �jþ1

� �	 
D’
2

;

V ð’Þði þ 1; j; k � 1Þ ¼ 1

3
Riþ1 þ DRð Þ3�R3

iþ1

h i
cos �j

� �
� cos �jþ1

� �	 
D’
2

;

V ð’Þði; j þ 1; k � 1Þ ¼ 1

3
R3

iþ1 � R3
i

� �
cos �jþ1

� �
� cos �jþ1 þ D�

� �	 
D’
2

;

V ð’Þði þ 1; j þ 1; k � 1Þ ¼ 1

3
Riþ1 þ DRð Þ3�R3

iþ1

h i
cos �jþ1

� �
� cos �jþ1 þ D�

� �	 
D’
2
;

V ð’Þði; j; kÞ ¼ 2V ð’Þði; j; k � 1Þ ;
V ð’Þði; j þ 1; kÞ ¼ 2V ð’Þði; j þ 1; k � 1Þ ;
V ð’Þði þ 1; j; kÞ ¼ 2V ð’Þði þ 1; j; k � 1Þ ;

V ð’Þði þ 1; j þ 1; kÞ ¼ 2V ð’Þði þ 1; j þ 1; k � 1Þ ;
V ð’Þði; j; k þ 1Þ ¼ V ð’Þði; j; k � 1Þ ;

V ð’Þði; j þ 1; k þ 1Þ ¼ V ð’Þði; j þ 1; k � 1Þ ;
V ð’Þði þ 1; j; k þ 1Þ ¼ V ð’Þði þ 1; j; k � 1Þ ;

V ð’Þði þ 1; j þ 1; k þ 1Þ ¼ V ð’Þði þ 1; j þ 1; k � 1Þ : ðA7Þ

Equation (A7) implies that the denominator of equation (A2) is also equivalent to 2
P

ij V
ð’Þði; j; kÞ.

Velocities are retrieved from momenta and density. Fine-coarse interaction also involves the correction of momentum flux
components across the boundaries between two neighboring grids. This is accomplished via time- and surface-weighted means
(for details see Paper II).
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