Field Theory

Answer for 6th Set of Problems
DYNAMICS OF RELATIVISTIC PARTICLES & E-M FIELDS

1. (a) The equation governing the motion of the particle is the covariant Lorentz force dU®/dr = e/(mc)F*Usg,
which for the case 5 = 0 can be written as

diye) _ve g o d00) _ oe

E.

dr me ’ dr m

Decomposing the velocity into components v parallel and v, orthogonal to E7 we obtain
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where n = eE/me. From the last equation it is obvious that yv; = « with some constant «. The most
general solution of the first two equations is given by

~e Acosh(nt) + Bsinh(nT),
yvy = Asinh(n7) + Bcosh(nT),

where A and B are constants. Using the initial conditions v = 0 and v, = vy at 7 = 0, we find
@ = 7Yoo, A= Yo¢, B = Oa

where v9 = 1/4/1 — v%/c?. Thus we get

Y = ocosh(nT),
vy = ctanh(nT),
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In order to express these results as functions of the laboratory time ¢, we use the relation dt = ydr to find

t= / ydr = / o cosh(n7)dT = % sinh(nT).
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Finally we can write

v =



If the coordinate system is choosen such that E = Eé, and Uy = vp€y, and if the particle is at the origin

initially, then the position of the particle is given by
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Further, the velocity v is

(b) In order to determine the trajectory, we need to eliminate the time-dependence. From the equation for z,

we get
t= %sinh( e > .
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Substituting this into the equation for z, we obtain the trajectory
p= 0 [cosh <W> — 1} .
n Yoo
For times t < /1 (or x < Yovo/n), we can use the approximation cosh y ~ 1+ x?/2 for x < 1, and find

that the trajectory can be written as
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which is a parabola. This trajectory can also be written as a function of ¢ as
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On the other hand, for times ¢ > /7, the trajectory becomes
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where we used the relation sinh ™' y = In(y + /X2 + 1). If t is eliminated from the above expressions, we

get
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For late times, the particle moves along the z-direction with a speed approaching ¢, while the velocity in

x-direction approaches zero.

2. (a) The Darwin Lagrangian for the two particles reads
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First we introduce center of mass coordinates by
’F: fl— _’2, R:(mlfl +7’TL2§2)/M,

where M = my + my is the total mass. Inverting this gives

.f"l:é—l—mg/M’F, fzzﬁ—ml/MF.



(b)
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As a result, the individual terms in the above Lagrangian become
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where p = mymsa/M is the reduced mass and V = R is the center of mass velocity. For V = 0, the
Lagrangian becomes
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and the canonical momentum p; = dL/0v; becomes
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The Hamiltonian is obtained from the Lagrangian (1) by the relation H = p’- ¢ — L. Then
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Since we only consider terms to first order in 1/c?, we do not need to completely solve (2) for ¥ in terms of
p. Instead, it is sufficient to note that
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Insterting this into (3) gives
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Since the expression of the symmetric stress tensor for electromagnetic fields is independent from the source
terms J#, we consider in this part only the case of the free electromagnetic field. The Proca Lagrangian
density for free electromagnetic field is
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In order to convert this canonical stress tensor to the symmetric stress tensor, we write 0V Ay = F* + 0, A".

Then
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Using the Proca equation of motion, 0y F M 4 u?2 A* = 0, we can write
TH = @MY 4 9, 8™,

where
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is the symmetric stress tensor and SMV = (1/4m) F* A is antisymmetric in the first two indices.

(b) With the symmetric stress tensor ©#” given in part (a), the 4-divergence of O*¥ gives
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where for the second line we use the fact that 9,4 = 0, which is automatic for the Proca equation,
and for last line we also use the Bianchi identity, 30/°F** = 0 as well as the Proca equation of motion,
ONFM + 2 AP = A JH Jc.

(c) With the explicit form of the Maxwell tensor we can get the relations
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The time-time component of this is
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Similarly, the time-space components are
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