1st Set of Examples '
1. If F*? is antisymmetric on its two indices. Show that

F,* FY = —FuagF*

HovT o

SOLUTION
We have to use the metric tensor 7, in order to lower the indices. So we get:
Fu?ﬁFi = (Fuvnw>,ﬁ(FﬁU77cra) = (Fw),ﬂFﬁo(nmnaa) + FWUW%(FBUWM) (1)

Since 1),,, is constant, 1,, 3 = 0 and we get:
Foy s F% (1 N0a) = Fuy gF770) = Fypp gF7 = —F g F7° (2)

where in the last passage we have used the antisymmetry of the tensor F),,. Considering
that v is a dummy index, we can relabel it so that:

FM%Fi = _FuaﬁFaﬁ (3)

2. In a coordinate system with coordinates z#, the invariant line element is ds? =
Napdr®dz®. If the coordinates are transformed z* — 7", show that the line
element is ds*> = g,,dz"dz", and espress g,, in terms of the partial derivatives
Oz#/0z". For two arbitrary vectors U and V, show that

U -V =U"Vn = UV Gus

SOLUTION
We start by writing the differentials in terms of the new coordinate:

ds? =napda®ds’
or®  _ OxP .
:naﬁﬁdl’u BT dz (4)
—( 0z 0a”
~\eB g zn 9zv

)dztdz”
If we write the line element as ds* = §,,dz*dz” and compare this expression with the

last passage of the equation above, we can identify:

B ox® OxP
Gur = (o8 57 v (5)
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Now consider a vector U%. The transformation of coordinate z# — z* for U® is:

ox® -
o _ o 6
Ut =0 (6)
So for the scalar product U -V we get:

U -V =UV" 4

_ 0z, 0P

ox® OxP (7)
o1 07w °”
— U.U‘VV?]#V
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3. If A and /_\g are two matrices which transform the components of at ensor
from one coordinate basis to another, show that the matrix A?/Ag is also a
coordinate transformation.

SOLUTION
Take two cordinate trasformations as:

ot =1M(2") AG = gzﬁ (8)
and 950
# =) Aj=s (9)

The product matrix is given by:

i _ 08 0n

A= 50 (10)

The expression above can seem to differ from a usual coordinate transformation.We will
show that this is not the case. Take another transformation of coordinate such as:

zh =zt (2") = T[T (a")) (11)
then
0r*  01* 01"
0x8 037 OxP
This is the same expression of (10) also if it differs for the 27 in the denominator: the
partial derivative are always taken respect on the argument variable, and it is possible

to call these variables with different 'names’ without that the meaning of the operation
changes. So the expression (12) is a transformation of coordinate as well as (10).

Af = (12)



4. Show that the second rank tensor F which is antisymmetric in one coordinate

frame (£, = —F,,) is antisymmetric in all frames. Show that the controvariant
components are also antisymmetric (F* = —F""). Show that symmetry is also
coordinate invariant.

SOLUTION

We start trasforming the tensor Fj,,:
Fuy = AN Fop = —ASAD F,. (13)

where in the last passage we have use the antisymmetry propriety of Fj,,. Now if we
consider that a and § are two dummy indices, we can relabel them, for example naming
a — [ and 8 — « so that:

Fu = —AgAnga - _AﬁASFaB =—Fy (14)

So if a tensor is antisymmetric in one coordinate frame, it is antisymmetric in all the
coordinate frame. The same applied to an antisymmetric controvariant tensor:

I = g% g% Fao = —g™ g™ Fop = g™ 9" Fo = —F" (15)

where we have used the antisymmetry propriety of F* and the fact that o and [ are
dummy indices and, consequently, we can relabel it.

5. Let A,, be an antisymmetric tensor so that A, = —A,, and let S be a
symmetric tensor so that 5" = S"*. Show that

Ay 5™ =0

. For any arbitrary tensor V,, estabilish the following two identities:

VI A, = %(V’“’ VYA VS, = S (VP 4+ VS,

N | —

If A, is antisymmetric, then A4, 5" = —-A,,S" = —A,,5". Because i and v
are dummy indices, we can relabel it and obtain:

A S = —A,,8" = — A, 5"

so that A4, 5" =0, i.e. the product of a symmetric tensor times an antisym-
metric one is equal to zero.

SOLUTION

Each tensor can be written like the sum of a symmetric part ‘_/;w = %(VW + Vvu) and an
antisymmetric part f/,“, = %(VW — Vyu) so that a V},, = ‘_/;w + VW = %(VW + Vo + Vi —
Vvu) = V. So we have:

via,, - (Viw = Vi) A (16)

N

_ - 1~
(Vi A + Vi Ay) == §VWAW =

| —
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since we have already show that the scalar product of a symmetric tensor with an anti-
symmetric one is equal to zero. In the same way we can show that:

_ - 1- 1
VIS = (VWSW + VWSW) == §VWSW = §(Vuv + VVM)SHV (17)

N | —

. (2) In a n-dimensional metric space, how many independent components are
there for an r-rank tensor 7% with no symmetries?

(b) How many independents component are there if the tensor is symmetric
on s of its indices?

(c) How many independents component are there if the tensor is antisymmet-
ric on a of its indices?

SOLUTION
(a) In the case of no symmetries the number of independent components is n” (where r
is the rank of the tensor).

(b) If we have s symmetric indices, then we have to calculate how many inequivalent way
we have to choose them (including the repetitions) in a set n. The number is given by:

(n+s—1)!
(n—1)ls!

while the remaning r-s indices can be choosen in n"~* ways so that the number of inde-
pendent component is:
r—s (TL +5— 1)'
(n—1)ls!

(c) If we have a antisymmetric indices, then we have to calculate how many inequivalent
way we have to choose them (including the repetitions) in a set n. The number is given
by:
n!
(n —a)la!

while the remaning r-a indices can be choosen in n"~* ways so that the number of inde-
pendent component is:
n!

r—a

" (n —a)la!

Note that for a = n we have just a possibility to choose the a indices, while for a > n
there is no possibility: this means that all the components must be zero.

. If F is antisymmetric, T is symmetric and V is an arbitrary tensor, give explicit
formulation for the following : Vi1, Fluy Finu)s Tw)s Tuw)s Vipls Twrys Fluvq-
Show that F,, = —A,,) + A, implies

Flw,”/ + Fw,v + FV%M =0
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SOLUTION

(a)

(F, is antisymmetric)

1
Viw) = 9 (Vuv - Vvu)
Flw) = Fl
Fyu) =0
Ty = Ty
Ty =0

(T, is symmetric)

1

V[Wﬂ = 6 (Vuw B va + va - un + va o wa)

—_

Fluvq = 3 (F/wrv + Fypp + vau)

_ W

Ty = 3 (Tww + T + Tu%u)

(b) F,, is an antisymmaetric tensor so:

me + Fyuw + Fu%u = 3F[/Wﬂ]

but F,, = —Aj,, and consequently Fj,, v = — A1

But we have:

Ay =

and since A

and so:

1 11

§(A[u,lw} - A[v,u,v]) = 5 6 (Au,lw - AV7M7"/ + A%uﬂ/ - Aumv + Avmu - Amv,u)

1

6 (Awm - AMM’Y + A%v,u - Av,%u + Auml/ - A%uw)}

1]2

5 6 (Au,lw - Awm + A%u,v - Au,%v + Av,%u - Av,v,u)

A (18)
wwry = Apqw, it follows

Fluva = A = — Ay = 0

Frvny+ Fypy + Foy = SF[WN] =0



8. Show that the Kronecker delta ¢/ is a tensor.

SOLUTION
We have just to show that 0¥ transform like a tensor. We have for a transformation of
coordinate z# — 7 (x#):

oTH 0x° 5 oz* 0x°

M= = = o 19
Yoo 0xv oz 7 Qx° OFV v (19)
where the last equality follows from the fact that g%: and g% are thematrix inverse of

each other. So ¢* transforms like a tensor.

9. Prove that, except for scaling by a constant, there is an unique tensor ¢,s,s
which is totally antisymmetric on all its 4 indices. The usual choice is to take
€o123 = 1 in Minkowsky coordinates. What are the components of ¢ in a generic
coordinate system, with metric g,,7

SOLUTION
For a totally antisymmetric vector with rank r and a antisymmetric components in a
n-folds, we have already shown that the number of independent components is given by:

|
r—a n:

n —_—
(n—a)la!

For €,3,5 we have n = a = 4 so that there is just one possiblity to choose the component,
i.e. once time that ey93 is given, the tensor is fixed in an unique way. In Minkowski
coordinates, we have:

€0123 = —€1023 = €1032 = ... = —1

In a generic frame:

. B Ox® 0xP Ox7 Ox° ) B det[%]e
0 i gy o> oze M T T Logel e°

(20)

Now we have to find the relation between the expression above and the metric tensor g,,, .
We have already shown that:

oz 0z
g, = L9 21
g.U aj” aj,,n B ( )
and so: 58 98
_ x T
det[gu] = |det[aja] *det[nas] = —|det[8ja} B (22)
It folllows from the expression above that:
det[ 2] = [det(3,. )] (23)
oze #
Substituting this last expression in (20) we get:
goz,Bwé = [_det(guu)]l/geaﬁwé (24)



10. In an orthonormal frame, show that

afyo
€apys = —€ o

What is the analogous relation in ageneral frame, with metric tensor g,,?
SOLUTION

In an orthonormal frame we get:
ea,B’yJ _ na,unﬁun'y)\,néaGMV)\g (25)

Since that in this frame only the elements on the diagonal are different from zero we get:

e = 0 P2 nFeg103 = —€r23 (26)
because n°° = —1 and n* = 1. So in this frame:
e’ = —eapys (27)

In order to find the expression in a generic frame, we use the equation (24) and so we get:

€apys = [_det(gul/>]l/2€aﬁ'y5 = _[_det(guu)}l/%amé (28)



