
Solutions for the 1st set of problems

1. The transformation from spherical to Cartesian coordinates is

x = r cos θ cosφ,
y = r cos θ sinφ,
z = r sin θ.

From the transformation rule of covariant vectors

Ãµ =
∂xν

∂x̃µ
Aµ

we thus obtain

Ãr =
∂x

∂r
Ax +

∂y

∂r
Ay +

∂z

∂r
Az

= r cos θ sinφ
(
r cos2 θ cos2 φ+ 3 cos θ sinφ+ r sin2 θ

)
,

Ãθ = r cos θ sinφ
(
−r2 cos θ sin θ cos2 φ− 3r sin θ sinφ+ r2 sin θ cos θ

)
,

= r cos θ sinφ
(
r2 cos θ sin θ sin2 φ− 3r sin θ sinφ

)
,

Ãφ = r cos θ sinφ
(
−r2 cos2 θ sinφ cosφ+ 3r cos θ cosφ

)
.

2. We show that T[αβ] is antisymmetric:

T[αβ] =
1
2

(Tαβ − Tβα) =
1
2

(−Tβα + Tαβ) = −1
2

(Tβα − Tαβ) = T[βα].

By replacing the minus by a plus one also proves the symmetric case.

3. As in the lecture we start by calculating the partial derivative of aλ with respect to xµ:

aλ,µ =
∂

∂xµ

(
∂x̃ρ

∂xλ
ãρ

)
=

∂2x̃ρ

∂xλ∂xµ
ãρ +

∂x̃ρ

∂xλ
∂

∂xµ
ãρ

=
∂2x̃ρ

∂xλ∂xµ
∂x̃σ

∂xα
∂xα

∂x̃ρ
ãσ +

∂x̃ρ

∂xλ
∂x̃σ

∂xµ
∂

∂x̃σ
ãρ.

Now we consider the following calculation:

0 =
∂

∂xα

(
∂x̃β

∂xγ
∂xδ

∂x̃β

)
=

∂2x̃β

∂xγ∂xα
∂xδ

∂x̃β
+
∂x̃β

∂xγ
∂

∂xα
∂xδ

∂x̃β

=
∂2x̃β

∂xγ∂xα
∂xδ

∂x̃β
+
∂x̃β

∂xγ
∂x̃σ

∂xα
∂2xδ

∂x̃β∂x̃σ
.

Hence,

∂2x̃ρ

∂xλ∂xµ
∂xα

∂x̃ρ
= −∂x̃

ρ

∂xλ
∂x̃σ

∂xµ
∂2xα

∂x̃ρ∂x̃σ

and

aλ,µ =
∂x̃ρ

∂xλ
∂x̃σ

∂xµ
ãρ,σ −

∂x̃ρ

∂xλ
∂x̃σ

∂xµ
∂2xα

∂x̃ρ∂x̃σ
∂x̃β

∂xα
ãβ

=
∂x̃ρ

∂xλ
∂x̃σ

∂xµ

(
ãρ,σ −

∂2xα

∂x̃ρ∂x̃σ
∂x̃β

∂xα
ãβ

)
=
∂x̃ρ

∂xλ
∂x̃σ

∂xµ

(
ãρ,σ − Γ̃βρσãβ

)
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In analogy to the discussion in the lecture we conclude that

aλ;µ =
(
aρ,σ − Γβρσaβ

)
transforms as a tensor of rank two.

Analogously we calculate for an r + s-Tensor:

Tµ1...µr
ν1...νs,µ =

∂

∂xµ

(
∂xµ1

∂x̃λ1
. . .

∂xµr

∂x̃λr

∂x̃σ1

∂xν1
. . .

∂x̃σs

∂xνs
T̃λ1...λr

σ1...σs

)
=

∂2xµ1

∂x̃λ1∂x̃ρ
∂x̃ρ

∂xµ
∂xµ2

∂x̃λ2
. . .

∂xµr

∂x̃λr

∂x̃σ1

∂xν1
. . .

∂x̃σs

∂xνs
T̃λ1...λr

σ1...σs

+ . . .+
∂xµ1

∂x̃λ1
. . .

∂xµr−1

∂x̃λr−1

∂2xµr

∂x̃λr∂x̃ρ
∂x̃ρ

∂xµ
∂x̃σ1

∂xν1
. . .

∂x̃σs

∂xνs
T̃λ1...λr

σ1...σs

+
∂xµ1

∂x̃λ1
. . .

∂xµr

∂x̃λr

∂2x̃σ1

∂xν1∂xµ
∂x̃σ2

∂xν2
. . .

∂x̃σs

∂xνs
T̃λ1...λr

σ1...σs

+ . . .+
∂xµ1

∂x̃λ1
. . .

∂xµr

∂x̃λr

∂x̃σ1

∂xν1
. . .

∂x̃σs−1

∂xνs−1

∂2x̃σs

∂xνs∂xµ
T̃λ1...λr

σ1...σs

+
∂xµ1

∂x̃λ1
. . .

∂xµr

∂x̃λr

∂x̃σ1

∂xν1
. . .

∂x̃σs

∂xνs

∂x̃ν

∂xµ
T̃λ1...λr

σ1...σs,ν .

As in the case of the (co-)vector we replace the second derivatives as follows:

∂2xµi

∂x̃λi∂x̃ρ
=

∂2xαi

∂x̃λi∂x̃ρ
∂xµi

∂x̃ρi

∂x̃ρi

∂xαi

= Γ̃ρi

λiρ

∂xµi

∂x̃ρi
,

∂2x̃σi

∂xνi∂xµ
=

∂2x̃ρi

∂xνi∂xµ
∂xαi

∂x̃ρi

∂x̃σi

∂xαi
= − ∂2xαi

∂x̃βi∂x̃γi

∂x̃βi

∂x̃νi

∂x̃γi

∂xµ
∂x̃σi

∂xαi

= −Γ̃σi

βiγi

∂x̃βi

∂x̃νi

∂x̃γi

∂xµ
.

The partial derivative hence becomes

Tµ1...µr
ν1...νs,µ =

∂x̃ρ

∂xµ
∂xµ1

∂x̃λ1
. . .

∂xµr

∂x̃λr

∂x̃σ1

∂xν1
. . .

∂x̃σs

∂xνs

[
T̃λ1...λr

σ1...σs,ρ

+ Γ̃λ1
αρT̃

αλ2...λr
σ1...σs + . . .+ Γ̃λr

αρT̃
λ1...λr−1α

σ1...σs

− Γ̃ασ1ρT̃
λ1...λr

ασ2...σs
− . . .− Γ̃ασsρT̃

λ1...λr
σ1...σs−1α

]
and we conclude that

Tλ1...λr
σ1...σs,ρ

+ Γλ1
αρT

αλ2...λr
σ1...σs + . . .+ Γλr

αρT
λ1...λr−1α

σ1...σs

− Γασ1ρT
λ1...λr

ασ2...σs
− . . .− ΓασsρT

λ1...λr
σ1...σs−1α

transforms as a (r + s+ 1)-Tensor.

4. In an infinitesimal neighborhood of a point we consider parallel transports of the vector aλ from P over a
point A to the point Q and from P over another point B to Q.

We assume that dxµ connects P with A and B with Q, and that δxµ connects A with Q and P with B.
The transported vector at A is then

aλ + aλ,νdx
ν + Γλµνa

µdxν .
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Transporting this vector from A to Q results in

aλ + aλ,ρδx
ρ + Γλµρa

µδxρ

+ aλ,νdx
ν + aλ,ν,ρdx

νδxρ + Γλσρa
σ
,νdx

νδxρ

+ Γλµνa
µdxν + Γλµν,ρa

µdxνδxρ + Γλµνa
µ
,ρdx

νδxρ + ΓλσρΓ
σ
µνa

µdxνδxρ

The same procedure can be applied for the path over B. In this case, however we first have to transport
with respect to δxµ and afterwards with respect to dxµ This means the two vectors must be exchanged
and we obtain

aλ + aλ,ρdx
ρ + Γλµρa

µdxρ

+ aλ,νδx
ν + aλ,ν,ρδx

νdxρ + Γλσρa
σ
,νδx

νdxρ

+ Γλµνa
µδxν + Γλµν,ρa

µδxνdxρ + Γλµνa
µ
,ρδx

νdxρ + ΓλσρΓ
σ
µνa

µδxνdxρ

If δxνdxρ = dxρδxν then the difference of these expressions is (since the Christoffel symbols are symmetric
in the lower indices)

Γλµν,ρa
µdxνδxρ + ΓλσρΓ

σ
µνa

µdxνδxρ − Γλµν,ρa
µdxρδxν − ΓλσρΓ

σ
µνa

µdxρδxν

=
aµ

2

(
Γλµν,ρdx

νδxρ + Γλµρ,νdx
ρδxν + ΓλσρΓ

σ
µνdx

νδxρ + ΓλσνΓσµρdx
ρδxν

− Γλµν,ρdx
ρδxν − Γλµρ,νdx

νδxρ − ΓλσρΓ
σ
µνdx

ρδxν − ΓλσνΓσµρdx
νδxρ

)
=
aµ

2

(
Γλµν,ρ − Γλµρ,ν + ΓλσρΓ

σ
µν − ΓλσνΓσµρ

)
(dxνδxρ − dxρδxν)

=
1
2
Rλµρνa

µ (dxνδxρ − dxρδxν) .

5. The Euclidean metric tensor in Cartesian coordinates is

gµν = δµν .

The transformation from cylindrical to Cartesian coordinates is

x = r cosφ,
y = r sinφ,
z = z̃.

We thus obtain

g̃rr =
∂x

∂r

∂x

∂r
gxx +

∂y

∂r

∂y

∂r
gyy +

∂z

∂r

∂z

∂r
gzz

+ 2
∂x

∂r

∂y

∂r
gxy + 2

∂x

∂r

∂z

∂r
gxz + 2

∂y

∂r

∂z

∂r
gyz

= cos2 φ+ sin2 φ = 1,

g̃φφ = r2 sin2 φ+ r2 cos2 φ = r2,

g̃z̃z̃ = 1,
g̃rφ = −r sinφ cosφ+ r sinφ cosφ = 0,
g̃rz̃ = 0,
g̃φz̃ = 0.
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6. The Christoffel symbols of ds2 = dv2 + (u2 − v2)du2 are

Γuuu =
u

u2 − v2
, Γvuu = v, Γuvu = Γuuv = − v

u2 − v2
.

the other Christoffel symbols vanish.

The geodesic equations are thus

v̈ + v(u̇)2 = 0, ü+
u(u̇)2

u2 − v2
− 2

vu̇v̇

u2 − v2
= 0.

The Christoffel symbols of ds2 = dv2 − v2du2 are

Γvuu = v, Γuvu = Γuuv =
1
v
,

the other Christoffel symbols vanish.

The geodesic equations are thus

v̈ + v(u̇)2 = 0, ü+ 2
u̇v̇

v
= 0.

7. The Christoffel symbols of ds2 = dr2 + r2dθ2 are

Γrθθ = −r, Γθrθ = Γθθr =
1
r
,

the other Christoffel symbols vanish.

The geodesic equations are thus

r̈ − r(θ̇)2 = 0, θ̈ +
2
r
ṙθ̇ = 0.

Multiplying the second equation by r2 we obtain

r2θ̈ + 2rṙθ̇ = 0,

which is equivalent to

d

dλ

(
r2θ̇

)
= 0.

For later convenience we calculate

d

dλ

(
r2θ̇2

)
=

d

dλ

(
r2θ̇

)
θ̇ +

(
r2θ̇

)
θ̈ = r2θ̇θ̈.

Multiplying the first equation by 2ṙ we obtain

2ṙr̈ − 2rṙ(θ̇)2 = 0⇒ d

dλ

(
ṙ2

)
− (θ̇)2

d

dλ

(
r2

)
= 0

⇒ d

dλ

(
ṙ2

)
− θ̇ d

dλ

(
r2θ̇

)
+ r2θ̇θ̈ = 0.

Using that d
dλ

(
r2θ̇

)
= 0 we get

d

dλ

(
ṙ2

)
+ r2θ̇θ̈ = 0⇒ d

dλ

(
ṙ2

)
+

d

dλ

(
r2θ̇2

)
= 0,
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and thus

ṙ2 + r2θ̇2 = const.

On the other hand the left hand side of this equation is the square of the rate of change of the arclength
(ṡ2). Thus, if we use the arclength as the curve parameter then the right hand side is one ((ds/ds)2 = 1).

8. We write the covariant derivative in terms of partial derivatives and Christoffel symbols:

aλ;µ;ν = aλ;µ,ν − Γσλνaσ;µ − Γσµνaλ;σ

= aλ,µ,ν − (Γσλµaσ),ν −Γσλν(aσ,µ − Γρσµaρ)− Γσµν(aλ,σ − Γρλσaρ)

= −Γσλµ,νaσ + ΓσλνΓρσµaρ
+ aλ,µ,ν − Γσλµaσ,ν − Γσλνaσ,µ − Γσµνaλ,σ + ΓσµνΓρλσaρ.

The terms in the last line are symmetric under exchange of µ and ν. When we consider aλ;µ;ν − aλ;ν;µ

these terms thus vanish. Hence,

aλ;µ;ν − aλ;ν;µ = Γσλν,µaσ − Γσλµ,νaσ + ΓσλνΓρσµaρ − ΓσλµΓρσνaρ
= Rσλµνaσ.

5


