
Solutions for the 2nd set of problems

1. • It is known that AλTλµν is for every 4-vector Aλ a tensor. It follows
that this tensor transforms as follows

˜AλTλµν =
∂xα

∂x̃µ
∂xβ

∂x̃ν
AλTλαβ .

Moreover Aλ can be written in terms of Ãλ what implies

AλTλαβ =
∂xλ

∂x̃γ
ÃγTλαβ .

On the other hand we have in the new coordinate system

˜AλTλµν = ÃλT̃λµν

=
∂xα

∂x̃µ
∂xβ

∂x̃ν
∂xλ

∂x̃γ
ÃγTλαβ ,

and since this is valid for every vector Aλ we get

T̃λµν =
∂xα

∂x̃µ
∂xβ

∂x̃ν
∂xγ

∂x̃λ
Tλαβ

• Conversely, if Tλµν is a tensor and Aλ is a vector then

AλTλµν =
∂xλ

∂x̃γ
∂x̃δ

∂xλ
∂x̃α

∂xµ
∂x̃β

∂xν
Ãγ T̃δαβ

=
∂x̃α

∂xµ
∂x̃β

∂xν
Ãγ T̃γαβ .

2. It is clear that in the inertial frame the Christoffel symbols vanish. We
can thus use the given formula. The transformation from the inertial into
the rotating frame is

x0 = ξ0,

x1 = ξ1 cos(ωt) + ξ2 sin(ωt),

x2 = ξ2 cos(ωt)− ξ1 sin(ωt),

x3 = ξ3.

(a) Obviously the second derivatives of ξ0 and ξ3 vanish. Moreover any
derivative of ξ1 and ξ2 with respect to x3 vanishes and the derivative
of x0 and x1 with respect to ξ1 and ξ2 also vanish. Finally the second
derivatives of ξρ w.r.t. x1, x2, x3 are zero. Therefore the following
identities are satisfied:

0 = Γ0
αβ = Γ3

αβ = Γα3β = Γαβ3 = Γα11 = Γα12 = Γα22
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What remains are the Christoffel symbols Γ1
00, Γ1

01, Γ1
02, Γ2

00, Γ2
01,

Γ2
02. For them we get

Γ1
00 = −ω2x1,

Γ1
01 = 0,

Γ1
02 = −ω,

Γ2
00 = −ω2x2,

Γ2
01 = ω,

Γ2
02 = 0.

(b) The equations of motion in the rotating coordinate system are thus

ẍ0 = 0,

ẍ1 − ω2x1 − ωẋ2 = 0,

ẍ2 − ω2x2 + ωẋ1 = 0,

ẍ3 = 0.

The terms −ω2x1 and −ω2x2 describe a force in the direction of the
position vector. These are the centrifugal forces. The terms −ωẋ2

and ωẋ1 describe a force orthogonal to the velocity of the particle,
the Coriolis force.

(c)

gµν(x) = ηαβ
∂ξα

∂xµ
∂ξβ

∂xν
.

One obtains

g00(x) = 1− ω2((x1)2 + (x2)2),

g01(x) = ωx2, g02(x) = −ωx1, g03(x) = 0,
g11(x) = −1, g12(x) = 0, g13(x) = 0,

g22(x) = −1, g23(x) = 0,
g33(x) = −1.

Analogously we get

g00(x) = 1,

g01(x) = ωx2, g02(x) = −ωx1, g03(x) = 0,

g11(x) = ω2(x2)2 − 1, g12(x) = −ω2x1x2, g13(x) = 0,

g22(x) = ω2(x1)2 − 1, g23(x) = 0,

g33(x) = −1.
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3. The transformation from Cartesian to polar coordinates is defined as fol-
lows

x = r cos θ cosφ,
y = r cos θ sinφ,
z = r sin θ,

and the back transformation is

r =
√
x2 + y2 + z2,

θ = arctan
z√

x2 + y2
,

φ = arctan
y

x
.

(a) For the non vanishing Christoffel symbols we get

Γ2
12 =

1
r
,

Γ3
13 =

1
r
,

Γ1
22 = −r,

Γ3
23 = − sin θ

cos θ
,

Γ1
33 = −r cos2 θ,

Γ2
33 = sin θ cos θ.

(b) The equations of motion are thus

r̈ − rθ̇2 − r cos2 θφ̇2 = 0,

θ̈ +
2
r
ṙθ̇ + sin θ cos θφ̇2 = 0,

φ̈+
2
r
ṙφ̇− 2

sin θ
cos θ

θ̇φ̇ = 0.

We see that this system is compatible with φ =const. and becomes

r̈ − rθ̇2 = 0,

θ̈ +
2
r
ṙθ̇ = 0.

(c) The Lagrangian of a freely moving particle is

L = ṙ2 + r2θ̇2 + r2 cos2 θφ̇2.
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The Euler-Lagrange equations are thus

0 =
d

dλ

∂L
∂ṙ
− ∂L
∂r

= 2r̈ − 2rθ̇2 − 2r cos2 θφ̇2,

0 =
d

dλ

∂L
∂θ̇
− ∂L
∂θ

= 2r2θ̈ + 4rṙθ̇ + 2r2 sin θ cos θφ̇2,

0 =
d

dλ

∂L
∂φ̇
− ∂L
∂φ

= 2r2 cos2 θφ̈− 4r2 sin θ cos θθ̇φ̇+ 4r cos2 θṙφ̇.

The two systems are obviously equivalent.

4. (a) If we view the surfaces of the problem as surfaces embedded into the
3-dimensional Euclidean space then it is clear that the metrics can be
derived from the 3-dimensional flat metric with certain constraints.
The 3-dimensional flat metric is

ds2 = dx2 + dy2 + dz2.

To derive the metrics on the surfaces we use adapted coordinates.
For the sphere these are naturally spherical coordinates:

x = r cos θ cosφ,
y = r cos θ sinφ,
z = r sin θ,

and thus

dx = dr cos θ cosφ− r sin θ cosφdθ − r cos θ sinφdφ,
dy = dr cos θ sinφ− r sin θ sinφdθ + r cos θ cosφdφ,
dz = dr sin θ + r cos θdθ.

On the sphere it is clear that dr vanishes. Hence we get

dx = −r sin θ cosφdθ − r cos θ sinφdφ,
dy = −r sin θ sinφdθ + r cos θ cosφdφ,
dz = r cos θdθ.

Inserting these expressions into the Euclidean metric we get

ds2 = dx2 + dy2 + dz2 = r2dθ2 + r2 cos2 θdφ2.

The metric is thus

(g)ik =
(
r2 0
0 r2 cos2 θ

)
.

For the cylinder barrel the adapted coordinates are cylindrical coor-
dinates:

x = r cosφ, y = r sinφ, z = z̃,
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what implies

dx = dr cosφ− r sinφdφ, dy = dr sinφ+ r cosφdφ, dz = dz̃.

Again on the cylinder barrel dr vanishes and we get

ds2 = dx2 + dy2 + dz2 = r2dφ2 + dz̃2.

The metric is thus

(g)ik =
(
r2 0
0 1

)
.

For the rotational paraboloid we do not use adapted coordinates.
Instead we use the constraint

z = a(x2 + y2),

that implies

dz = 2axdx+ 2aydy,

dz2 = 4a2(x2dx2 + 2xydxdy + y2dy2).

The line element thus becomes

ds2 = dx2 + dy2 + dz2 = (1 + 4a2x2)dx2 + (1 + 4a2y2)dy2 + 8axy dxdy

This leads to the metric

(g)ik =
(

1 + 4a2x2 4axy
4axy 1 + 4a2y2

)
.

Instead of the coordinates x, y one may also use cylindrical coordi-
nates r, φ. In this case we have

dx = dr cosφ− r sinφdφ, dy = dr sinφ+ r cosφdφ, z = ar2,

dz = 2ardr,

and hence

ds2 = (1 + 4r2)dr2 + r2dφ2.

The metric is thus

(g)ik =
(

1 + 4a2r2 0
0 r2

)
.

(b) For the sphere we get

Γφθφ = − tan θ, Γθφφ = − sin θ cos θ,

where all other Christoffel symbols vanish.
For the cylinder barrel all Christoffel symbols are zero.
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5. The arclength is the integral of the line element ds along the curve

s =
∫
ds =

∫
ds

dt
dt =

∫
ṡdt.

An invariant parametrisation of a curve has the property that the curve
parameter is the arclength, and the tangent vector of a curve C has com-
ponents dC/ds.

(a) The arclength of C1 is

s1 =
∫
dt
ds

dt
=
∫
dt
√
a2θ̇2 =

∫
dtaθ̇

= a(θ(t)− θ(0)) = aθ(t).

An invariant parametrisation of C1 is thus

C1 : s 7→
( s
a
, φ0

)
,

and the tangent vector of C1 is(
1
a
, 0
)
.

The arclength of C2 is

s2 =
∫
dt
ds

dt
=
∫
dt

√
a2 sin2 θ0φ̇2 =

∫
dta sin θ0φ̇

= a sin θ0(φ(t)− φ(0)) = a sin θ0φ(t).

An invariant parametrisation of C2 is thus

C2 : s 7→
(
θ0,

s

a sin θ0

)
,

and the tangent vector of C2 is(
0,

1
a sin θ0

)
.

(b) The arclength of C1 is

s1 =
∫
dt
ds

dt
=
∫
dt

√
ṙ2

1± r(t)2
=
∫
dt

ṙ√
1± r(t)2

.

For the + sign we make the substitution r = sinhψ, ṙ = coshψψ̇ and
get

s1 =
∫
dt

coshψψ̇√
1 + sinh2 ψ

=
∫
dt

coshψψ̇
coshψ

= ψ(t)− ψ(0) = arsinh r(t).
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For the − sign we use the substitution r = sinψ, ṙ = cosψψ̇ and get

s1 =
∫
dt

cosψψ̇√
1− sin2 ψ

=
∫
dt

cosψψ̇
cosψ

= ψ(t)− ψ(0) = arcsin r(t).

An invariant parametrisation of C1 is thus

C1 : s 7→
({

sinh s, +
sin s, −

}
, φ0

)
,

and the tangent vector of C1 is({
cosh s, +
cos s, −

}
, 0
)
.

The arclength of C2 is

s2 =
∫
dt
ds

dt
=
∫
dt

√
r20φ̇

2 =
∫
dtr0φ̇

= r0(φ(t)− φ(0)) = r0φ(t).

An invariant parametrisation of C2 is thus

C2 : s 7→
(
r0,

s

r0

)
,

and the tangent vector of C2 is(
0,

1
r0

)
.

6. At the point P the vector aλ is tangent to the curve x(t). This implies
that

aλ = aẋλ at P.

If aλ is parallelly transported along x(t) then it satisfies everywhere along
the curve the equation

ȧλ + Γλµνa
µẋν = 0. (1)

On the other hand x(t) is a geodesic curve. Its coordinate representation
thus satisfies

ẍλ + Γλµν ẋ
µẋν = 0. (2)

Hence, we get

ȧλ = aẍλ at P,
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and by comparison of (1) and (2) we see that aλ = aẋλ is a solution of
(1) with initial values

aλ(P ) = aẋλ(P ), ȧλ(P ) = aẍλ(P ).

From standard theorems on ordinary differential equations one then gets
that aλ = aẋλ is the only solution of that problem, and thus aλ is every-
where tangent to x(t).

7. We want to prove that the Einstein tensor satisfies Gµν;µ = 0. To achieve
that we first prove the Bianchi-identities:

Rαβ[γδ;σ] = 0.

We may prove this in any coordinate system, and since the above expres-
sion is a tensor, it is then satisfied in every coordinate system.

Moreover, given a point P it is always possible to find a coordinate system
where the Christoffel symbols vanish at P . At this point we thus need to
prove

Rαβ[γδ,σ] = 0.

Using the formula for the Riemann tensor we get

Rαβ[γδ,σ] = −Γαβ[γ,δ,σ] + Γαβ[δ,γ,σ] − (Γρβ[γΓα|ρ|δ),σ] − (Γρβ[δΓ
α
|ρ|γ),σ]

= 0.

The first two terms vanish, because the second derivatives may be ex-
changed. Due to the antisymmetrisation these terms cancel. The third
and the fourth term vanish, because the Christoffel symbols at P vanish.
These terms have the form Γ∂Γ.

Now, contracting the Bianchi identity twice with the metric one obtains

0 = gβσRαβ[γα;σ]

=
1
6
(
Rαβγα;β −Rαβαγ;β +Rαβαβ;γ −Rαββα;γ +Rαββγ;α −Rαβγβ;α

)
=

1
6
(
Rβγ;β +Rβγ;β −R;γ −R;γ +Rαγ;α +Rαγ;α

)
=

2
3
Rαγ;α −

1
3
R;γ

=
2
3

(
Rαγ −

1
2
δαγR

)
;α

=
2
3
Gαγ;α.

8. For Sµν we get

Sµνg
µν = Rµνg

µν − 1
4
Rgµνg

µν = R

(
1− 1

4
gµνg

µν

)
= 0.
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The Weyl tensor in four dimensions is defined as

Cλµνρ = Rλµνρ + gλ[νRρ]µ − gµ[νRρ]λ −
1
3
Rgλ[νgρ]µ.

Thus, contracting the Weyl tensor with the inverse metric we get

gλρCλµνρ = Rµν +
1
2
δρνRρµ − 2Rνµ −

1
2
gµνR+

1
2
δλµRνλ

− 1
6
Rδρνgρµ +

2
3
Rgνµ

= Rµν

(
1 +

1
2
− 2 +

1
2

)
+ gµνR

(
−1

2
− 1

6
+

2
3

)
= 0.

9. The tensor gλρCλµνρ has two free indices (µ, ν). In four dimension the
system gλρCλµνρ = 0 is thus composed of 16 linear equations for the
components of Cλµνρ.

Yet, this tensor is symmetric. That means if gλρCλµνρ = 0 then automat-
ically gλρCλνµρ = 0, i.e. at least six equations are linearly dependent.

Apart from this symmetry the Weyl tensor also satisfies Cλ[µνρ] = 0,
but this property does not induce symmetries on the contracted tensor
gλρCλνµρ. Hence, gλρCλµνρ = 0 indeed provides ten linearly independent
equations.

9


