Solutions for the 2nd set of problems

1. e It is known that A’\TAW is for every 4-vector A* a tensor. It follows
that this tensor transforms as follows
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Moreover A* can be written in terms of A* what implies
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On the other hand we have in the new coordinate system
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and since this is valid for every vector A* we get
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o Conversely, if T, is a tensor and A is a vector then
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2. It is clear that in the inertial frame the Christoffel symbols vanish. We
can thus use the given formula. The transformation from the inertial into
the rotating frame is

1,0 _ 50’
z! = ¢! cos(wt) + €% sin(wt),

22 = &% cos(wt) — & sin(wt),

(a) Obviously the second derivatives of £ and £ vanish. Moreover any
derivative of £ and €2 with respect to 22 vanishes and the derivative
of ¥ and 2! with respect to ¢! and ¢2 also vanish. Finally the second
derivatives of £” w.r.t. x', 22, 2> are zero. Therefore the following

identities are satisfied:
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What remains are the Christoffel symbols T'l,, T4y, T8, T3y, T3,
I'Z,. For them we get

Iy = —w?al,
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(b) The equations of motion in the rotating coordinate system are thus

#0 =0,
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@t —wlat —wi? =0,
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32— Wl +wil = 0,

3 =0.

221 and —w?z? describe a force in the direction of the

2

The terms —w
position vector. These are the centrifugal forces. The terms —wz
and wi! describe a force orthogonal to the velocity of the particle,
the Coriolis force.
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One obtains

goo(z) =1 —w?((2!)* + (2%)?),

go1(z) = wa®, goa () = —wa',  gos(x) =0,
g1 (r) = -1, g12(z) =0, g13(z) =0,
g22(z) = —1, g23(z) =0,

g33(z) = —1.

Analogously we get
g%(x) =1,

9" (2) = wa?, 9% (x) = —wa', 9% (x) =0,
@) =R -1 g = -t g =0,
92 () = (2")? =1, ¢*(2) =0,

g% (x) = —1.



3. The transformation from Cartesian to polar coordinates is defined as fol-
lows

x =71 cosf cos ¢,
Yy = rcosfsin ¢,

z=rsinb,
and the back transformation is

r = /x2+y2+22’
0= arctaun#7
V2 + 2

¢ = arctan y.
x

(a) For the non vanishing Christoffel symbols we get

F%Z = }a
r
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F13 - ;a
F%Z = -
s, _ sin 6
28= T 50
I'i; = —rcos? 6,

I'2, = sinf cos 6.

(b) The equations of motion are thus
i —16% —rcos? 09 = 0,
.92 .
6 4+ =76 + sin 6 cos % = 0,
T

sin 6

0 = 0.
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We see that this system is compatible with ¢ =const. and becomes
P—ré? =0,
.2 .
0+ -7 =0.
r
(c) The Lagrangian of a freely moving particle is

L =72+ 120 + r? cos? 9(;.52.



The Euler-Lagrange equations are thus

. d oL BE_ . )2 2012
0_55—5_21"—27“9 — 2r cos” 0=,

_doL oL . iy 2 . 2

= o8 56 = 210 + 4770 + 2r° sin 0 cos 6¢~,

— dd)\gi — % = 212 cos® 0 — 4r? sin 0 cos 0 + 4r cos® 7.

The two systems are obviously equivalent.

If we view the surfaces of the problem as surfaces embedded into the
3-dimensional Euclidean space then it is clear that the metrics can be
derived from the 3-dimensional flat metric with certain constraints.
The 3-dimensional flat metric is

ds?® = dz® + dy?® + dz°.

To derive the metrics on the surfaces we use adapted coordinates.
For the sphere these are naturally spherical coordinates:

x = 1 cos 6 cos ¢,
y = rcosfsin ¢,
z =rsin6,

and thus

dx = dr cos @ cos ¢ — rsinf cos ¢df — r cos 0 sin ¢pdo,
dy = dr cos 8sin ¢ — rsin 8 sin ¢df + 7 cos 6 cos pdo,
dz = drsin @ + r cos 0df.

On the sphere it is clear that dr vanishes. Hence we get

dx = —rsinf cos ¢pdf — r cos 6 sin ¢pdo,
dy = —rsin @ sin ¢df + r cos 6 cos pd g,
dz = rcosfdf.

Inserting these expressions into the Euclidean metric we get
ds? = da® + dy® + dz? = r?d6? + 12 cos® 0d¢>.

The metric is thus

(9)or = r? 0
9k =\ 0 12cos?6 )

For the cylinder barrel the adapted coordinates are cylindrical coor-
dinates:

T = 7 COos P, Yy = rsin ¢, z=2Z,



what implies
dx = drcos¢ —rsingde, dy = drsing + rcosodp, dz =dz.
Again on the cylinder barrel dr vanishes and we get

ds? = dz® + dy? + dz? = r?d¢? + dz%.

wa=(% 1)

For the rotational paraboloid we do not use adapted coordinates.
Instead we use the constraint

The metric is thus

z = a(z? + %),
that implies

dz = 2axdzr + 2aydy,
dz? = 4a®(2*dx® + 2xydrdy + y2dy?).

The line element thus becomes
ds® = da* + dy® + d2* = (1 + 4a®2%)dx? + (1 + 4a*y?)dy? + Saxy dady

This leads to the metric

()i = 1+ 4aa? daxy
9)ik = daxy 1+4a%y? -

Instead of the coordinates z,y one may also use cylindrical coordi-
nates 7, ¢. In this case we have

de = drcos ¢ — rsingdp, dy = drsing +rcospdp, z=ar?,
dz = 2ardr,

and hence
ds® = (14 4r?)dr® + r?d¢>.

The metric is thus

1+4a%r? 0

r
For the sphere we get
F3¢ = —tan6, FZ,¢ = —sinfcosb,

where all other Christoffel symbols vanish.
For the cylinder barrel all Christoffel symbols are zero.



5. The arclength is the integral of the line element ds along the curve

s= [as= [ Gar= [sar

An invariant parametrisation of a curve has the property that the curve
parameter is the arclength, and the tangent vector of a curve C' has com-
ponents dC/ds.

(a) The arclength of C} is

/dt% = /dt\/ a20? = /dta9
— a(8(t) - 0(0)) = ab(t).
An invariant parametrisation of C; is thus

Cr:s— (27¢0>a

and the tangent vector of C is

The arclength of C5 is

/dt— /dt\/a2 sin? Gy = /dtasm%qﬁ
= asinfy(¢p(t) — ¢(0)) = asinHy(t).

An invariant parametrisation of C is thus

Cy:sm (90,.S>7
asin 6

and the tangent vector of Cj is

0 1
“asinfy )
(b) The arclength of C; is

dt— /dt”li /dtm

For the 4+ sign we make the substitution r = sinh ), 7 = cosh wz/} and
get

cosh 1/)7,/1 | w cosh 1/11/)
\/ 1+ smh2 cosh¢

—9(0) = arsinh r(t).

51 = dt————



For the — sign we use the substitution r = sin, r = cos wz/} and get

g SosvY cos wQ/J M cos wl/}
\/ 1 — sin? cos i

— 9(0) = arcsinr(t).

S1 =

An invariant parametrisation of C is thus

) sinhs, +
CI-S’_)<{ SiHS, _}7¢0>a

and the tangent vector of C is

coshs, + 0
coss, — |’
The arclength of C5 is

/dt— /dtW /d’f’“oq5
— 10(6(t) - 6(0)) = o).

An invariant parametrisation of Cy is thus

s
Cy:s— |109,— |,
7o

and the tangent vector of Cj is

1
(05)
To
6. At the point P the vector a* is tangent to the curve z(t). This implies
that

a® =ai® at P.

If a* is parallelly transported along x(t) then it satisfies everywhere along
the curve the equation

a* +T),a"i" = 0. (1)

On the other hand z(t) is a geodesic curve. Its coordinate representation
thus satisfies

i T, aM e = 0. (2)
Hence, we get

ot =ai at P,



A

and by comparison of (1) and (2) we see that a* = ai?* is a solution of

(1) with initial values
a*(P) = ai*(P), aM(P) = ai(P).

From standard theorems on ordinary differential equations one then gets
that a* = a4 is the only solution of that problem, and thus a* is every-
where tangent to x(t).

7. We want to prove that the Einstein tensor satisfies G*,,, = 0. To achieve
that we first prove the Bianchi-identities:

R%ply5:0) = 0.
We may prove this in any coordinate system, and since the above expres-

sion is a tensor, it is then satisfied in every coordinate system.

Moreover, given a point P it is always possible to find a coordinate system
where the Christoffel symbols vanish at P. At this point we thus need to
prove

R%p1y5.0) = 0-
Using the formula for the Riemann tensor we get
o] — o «a P (e 4 a
Bs135.00 = ~T13.6.00 T Vo) = T Lipie) o = Tpsopy )0
=0.

The first two terms vanish, because the second derivatives may be ex-
changed. Due to the antisymmetrisation these terms cancel. The third
and the fourth term vanish, because the Christoffel symbols at P vanish.
These terms have the form I'OT.

Now, contracting the Bianchi identity twice with the metric one obtains

0= g’BgRaﬁ['ya;a]
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8. For S,,, we get

1 1
S;wgwj = R;wg’“/ - ZRg;wgl“j =R (1 - 49;“/9’“/) =0.



The Weyl tensor in four dimensions is defined as
1

3Rg/\[1/gp]u-

Cxuvp = Bapwp + 9w Rojp = Gupp Bo)x —

Thus, contracting the Weyl tensor with the inverse metric we get
oo B 1 5 1 1 5
g Apvp — Rp,u + 5 VRPH - 2RV,U, - iglll/R + 5 #Ru)\

1 2
- ER(S{fng + gRguu

1 1 11 2
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=0.

9. The tensor g**C),., has two free indices (p, v). In four dimension the
system g)‘pC')\Wp = 0 is thus composed of 16 linear equations for the
components of Cy ..

Yet, this tensor is symmetric. That means if g**C A\uvp = 0 then automat-
ically g)‘PCMW =0, i.e. at least six equations are linearly dependent.

Apart from this symmetry the Weyl tensor also satisfies Cy[,.,) = 0,
but this property does not induce symmetries on the contracted tensor
g Chypup- Hence, g*?C) .., = 0 indeed provides ten linearly independent
equations.



