EBERHARD KARLS
UNIVERSITAT
TUBINGEN

Solving Linear Systems of Equations

Kostas Kokkotas
October 29, 2019

Eberhard Karls Univerity of Tiibingen



Introduction

The type of problems that we have to solve are:

e Solve the system: A - x = B, where

ai e e ain X1 b1
an an X2 by
A= X = B =
aiv - - ann XN by

e To find A™! (inverse of a matrix)

o The determinant of a matrix A

e The eigenvalues and eigenvectors of a matrix A



Gauss Method i

Let assume that we have to solve the linear system A - x = B with det (A) # 0.

auxi + awxe + aizxs + ... +ainxy = b

anxi + anxe + anxs + ... +awxy = b
(1)

anixt + an2Xx2 + ansxs + ... +anwxy = by

We will try to transform it into an upper-triangular linear system. The steps
are the following:



Gauss Method i

STEP 1
Multiply the 1st equation with a1 /a11 and substract it from the 2nd.

Similarly, multiply the 1st equation with as1/a11 and substract it from the 3rd

etc
auxi + awxe +aixs + - +awwnxy = br
0+ aé?)@ + aé?}@ + -4 ag\axN = bgl)
(2)
0+ ale+aida+---+agn = b

where, for example, we set:

(1) ai12ar1
a2 -
ai



Gauss Method iii

STEP 2

The 1st row and the 1st column remain unchanged and we multiply the 2nd
equation with ag?/ag? and substract it from the 3rd and so on.

Thus after n — 1 operations we get

auxt + awexe +aisxs + - +awnxy = br
0 +aBx+allxs+ - +ajyxy = by
0 40 +a@xs+---+alxy = bP
: : (3)
0 +0 +ada+--+adxw = b
Where for example we have set:
1 1
- agz)aga) )]
33 =~ @) 933
s



Gauss Method iv

STEP N -1

After N — 1 steps we get the following upper-triangular system:

aiix1 + aexe + ai3x3 + +ain_1xv—1+ainxy = bi
e tagat o +all pwetaw = by
Dat o At = B0
; (4)
- F Ay = by
agvl\,’\fl)xm = bSVNfl)



Gauss Method v

The solution of this system is obvious:

e For the Nth equation of the previous upper-triangular system (4) we get :

_BTY ey 5
=~y for awy T # (5)
NN

e while the rest of the values can be calculated via the relation:

. N .
B0~ 3 i,
(i-1)

ii

5=

for &V #0 (6)
a

The number of arithmetic operations needed is:

1 3 2 2 3
= (an? +oN —7N):u7N.
6< i B



If a matrix is transformed into an upper-triangular or lower-triangular or
diagonal form then

detA = ay; - ag2) 3223) . (N 1) _ H a(I 1) (7)



Pivoting i

DEFINITION: The number aj; in the position (7, /) that is used to eliminate x;
inrows i +1, i+ 2, ... N is called the ith pivotal element and the ith row is
called the pivotal row.

e Pivoting to avoid af.,."_l) =0: If a,(-,-i_l) =0, row i cannot be used to
eliminate, the elements in column / below the diagonal. It is neccesary to find a
row j, where aJ(-,'_l) # 0 and j > i and then interchange row i and j so that a

nonzero pivot element is obtained.

e Pivoting to reduce error : If there is more than one nonzero element in
column / that lies on or below the diagonal, there is a choice to determine
which rows to interchange.

Because, the computer uses fixed-precision arithmetic, it is possible that a

small error is introduced each time an arithmetic operation is performed. One
should check the magnitude of all the elements in column / that lie on below
the diagonal, and locate a row j in which the element has the largest absolute



Pivoting

value, that is |aji| = max{|aii, |ai+1il,- ... |an—1i|,|ani|}, and then switch row i
with row j if j > /.
Usually, the larger pivot element will result in a smaller error being propagated.

EXAMPLE

Let's assume that after a number of operations the last two equations of an
N x N system are:

Oxyv—1+xv = 1

Il
w

2Xn—1 + XN
The obvious solution is xy_1 = xy = 1.
But due to accumulation of numerical errors the system will be:

exn—1+xy = 1 exn—1  + XN

2xy-1+xy = 3 0 +(1—2)XN
€

I
=

Il
w
[
ENEN)

10



Leading to

1—XN

3—2/e
= / ~ 1 correct, but xy_1 = !

XN =
1-2/¢ €
l.e. xy—1 is the ratio of two small numbers with questionable accuracy.

Then this erroneous term will be used for the estimation of xy_», ..., x; via
eqns (6) with disastrous results.

With pivoting, the system will be written as:

2xy—1+xy = 3 2xy—1+xy = 3
1

EXN—1+ XN =

then xy ~ 1.0 and xy_1 = 3;XN ~1.0.

11



Gauss - Jordan Method i

It is a variation of Gauss's method. Here instead of transforming the original
system into an upper-triangular one, we transform it into a pure diagonal one

and then the solution is obvious. *

The method follows the steps of Gauss's method with parallel elimination of
the elements over the diagonal.

Thus after the 1st step of Gaussian elimination we multiply the 2nd equation
with alg/ag? and substract it from the Ist.

Thus the system becomes:

anxi+ 0+ a%?)@ +...+ agzl\ax/v = bgz)
0+ ag)XQ + aé?)@ P ooo TP a%x/v = bgl)
0 + 0+ a&?)@ P ooo TP agz,&xN = b§2)

- (8)
0 + 0+alxs+...+agxw = bP

12



Gauss - J

and in the next step we eliminate the terms with coefficients a(123) and 3213).

Thus after N — 1 steps we get the system

a11Xx1 = ngfl)
aé?& = ngfl)
: (9)
Dy = B
with obvious solution
pN=1)
Xj=—— for i=1,...,N (10)
a(..l_ )

1Some special cases of the method - albeit presented without proof - were known to
Chinese mathematicians as early as circa 179 AD. (Wikipedia)

13



The Jacobi Method (iterative) i

It is a generalization of the method x = g (x) presented in the previous section.
Let's assume the following system of N linear equations with N unknowns:

)(1(X1,X27 ...,XN) =10

f'—z(Xl,Xz7 ..,,XN) = 0

..... (11)
f‘/\/(Xl,Xz7 ..,,XN) = 0
this can be easily written in the form:
X1 = gl(X27X37~“7XN)
X2 = gZ(X17X37~“7XN)
(12)
XN = gN(XhXQy ~~7XN71)

14



The Jacobi Method (iterative) ii

or in a close form:

b 1
Xi:?ﬁ_?ﬁ,z,a”)(j for i=1,...,N (13)
J=1, j#i
. o (0) _(0) (0)
Then by giving N initial values x; /., x; /, ..., x, , we create the recurrence

(with respect to k) relation

e T N S S S T (14)

i

which will converge to the solution of the system if:

N
Jail > > ayl (15)
=1,
independent on the choice of the initial values X1(0)7 xz(o), e X,(VO).

15



The Jacobi Method (iterative) iii

The recurrence relation can be written in a matrix form as:
x* =p7'B-D'cx

where A = D + C i.e. the matrix D includes only the diagonal elements of A
and the matrix C all the rest.

EXAMPLE

Let's assume the system:

dx—y+z = T
—4x+4+8y—z = 21
—2x4+y+5z = 15

with solutions x =2, y =4,z =3

16



The Jacobi Method (iterative) iv

We can create the recurrence relations:

ey Ty —2®
4
(k+1) . 21 —|— 4X(k) —|— Z(k)
4 - 8
Sy _ 15+ 2xk) — ()
5

Then assuming (1,2,2) we get the following sequence of solutions

(1,2,2) — (1.75,3.375,3) — (1.844,3.875,3.025)
—  (1.963,3.925,2.963) — (1.991,3.977,3.0)
—  (1.994,3.995,3.001) — ---

l.e. with 5 iterations we reached the solution with 3 digits accuracy.

17



Gauss - Seidel Method i

Gauss - Seidel method is a variation of Jacobi's method.

Let's assume a trial solution xfo), x2(0), . 7x,(\,0).

Then from the 1st equation we estimate xfl) and in the 2nd equation we use

the following set of trial values (x\"), x{”, X%, ., X to estimate X,

(1)‘ (1) (0 (0)) (1)

Then we use the trial values (x 258 75 coog to estimate x37’ and so on.

The recurrence relations will be:

N
Wy L, (k)
= — = a1ix:
(kt) _ L1 by — (k+1) R
X p— < 2 321X Z 2jX;

i—1
vy 1 [ (k1)
X; = (b, — El ajx; E ajx; ) (16)
=

Jj=i+1

18



Gauss - Seidel Method ii

The method will converge if:

N

ail > > lagl  i=1,2,...,N (17)
J=1, j#i

This procedure in a “matrix form” will be written as:
x*t) — p-1 (B ~ L) Ux“‘)) (18)

where
A= L+ D + U

lower  diagonal  upper
The matrix L has the elements of below the diagonal A,
the matrix D only the diagonal elements of A and finally
the matrix U the elements of matrix A over the diagonal.

19



Gauss - Seidel Method iii

EXAMPLE

The recurrence relations for the previous example are the same i.e.

wry _ 1y 29
X = — Q7
(k+1) 21 + 4x k) + zK
Y - 8
Sy 154 2x<k+5” —

But with Gauss - Seidel method we get the following sequence of approximate
solutions:

(1,2,2) — (1.75,3.75,2,95)
—  (1.95,3.97,2.99)
—  (1.996,3.996,2.999)

i.e. here we need only 3 iterations to find the solution while with Jacobi's
method we need 5 iterations.

20



Overrelaxation

The typical Gauss-Seidel iteration scheme has the following form:

N
(k+1) <b _ Zau (k+1) Z aUXj(k)) (19)

j=it1

we may re-write it as follows:

N
Xi(k+1) = x4+ = <b 72311 (k+1) Zaijxj(k)> (20)
j=i

because X,'(k) is added and subtracted from the right side.

The procedure maybe optimized by using the correct overrelaxation factor

N

(k+1) _ (k+1) (k)

X; = a,, <b — E ajjx; E 2% ) (21)
J=i

Typically, 1 < w < 2.

21



Inverse of a matrix i

If we are seeking the inverse of the matrix

A:(a
Cc

B= < X
z w
with the following property:

v (22)(22)- (3 2)

In order to find the elements (x, y, z, w) of the inverse matrix we must solve

Q o
N~

there will be another matrix

<
N———

two linear systems:

(22 (2)=00) = (22)(2)-(3)

22



Inverse of a matrix

This means that the inverse of a matrix cannot help in the solution of a linear
system since one needs to solve the system to find it.

e Notice that in order to solve both of the above systems we need to
diagonalize (with the Gauss - Jordan procedure) the same matrix A.

e The only difference between the two systems is the vector on the right
hand side which corresponds to different column of the unit matrix.

We then construct the following scheme:

air aw ... awn 1 0 .. O
an1 a2 asn 0 1 0
(22)
an1 an? annN 0 0 1
A I

23



Inverse of a matrix iii

and whatever transformation we do in the left side (matrix A) exactly the same
we do on the right hand side (matrix I).

1 0 .. 0 din di2 ... awn
O 521 522 §2N (23)
0 0 .. 1 anit an2 ... amn

Thanks to the Gauss-Jordan method on the left hand side we reduce to the
unit matrix matrix | and on the right hand side on the inverse ; = A"

24



Eigenvalues and Eigenvectors i

If Aisa N x N matrix then the scalars A for which there exists a non-zero

vector i/ such that
A.-0=M\i (24)

will be called e-values of the matrix A and the vectors i/ e-vectors.

In the following example:

1 2 3
-1 3 1 1 =-1 1
2 01 -2 -2
A th A1 I
the vector 01 = (2,1, 72)T is the e-vector and A1 = —1 the corresponding

e-value of A.

Equation (24) is equivalent to:
det (A — Al) =0

25



Eigenvalues and Eigenvectors ii

that is
1—X 2 3
det| -1 3-) 1 =N -5\ +3)49=0 (25)
2 0 1-A

and the e-values will be the roots of the characteristic polynomial (here
Ai=—1, 3 and 3).

26



Eigenvalues and Eigenvectors : The power method i

For a matrix A there will always be a dominant e-value \; (this means that \;
is absolutely larger than any other e-value)

‘)\1| > |)\2| > |A3‘ > ... > ‘>\N| (26)

AR = xd) (1<i<N) (27)

Also any vector X can be written as a linear combination of the N e-vectors
{J(”,W),...,J(’V)} ie.,

%= ayd + ad® - + ayadV (28)
If we multiply both sides of (28) with the matrix A, we get:

Az =29 = a0 d® + 2000 + - + apyd™ (29)

27



Eigenvalues and Eigenvectors : The power method ii

If we multiply k times eqn (29) with the matrix A we get:

81>\/1(u(1) + 82>\/2(u(2) + -+ aN)\f,u(N)

A\ X T B
)\Il( a1u(1) + a 2 u(2) + .-+ ayn AN U(N) (30)
>\1 )\1

Since )\ is the absolute larger e-value (eqn 26), we will get:

Thus

then the ratio

I’(k) = X

(Ai/M) =0 ask — .

x = AF . x A u® (31)

(k+1) Aktly /\’{“alu(l)

x(K) Akx Noau® — M\ (32)

leads to the e-value \; and the vector x*) defined in (31) is the corresponding

e-vector.

28



Eigenvalues and Eigenvectors : The power method iii

EXAMPLE
The matrix
1 0 1
A= -1 2
1 0 3

has e-values:
A1 = 3.41421356, A2 = 2 & A3 = 0.585786
and corresponding e-vectors :

0.3694 0 0.7735
u® = 1 ,u@ =1 1 & u® = 1
0.8918 0 —0.3204

Then if we assume a trial vector x = (1,2,1) ", and multiply it with the 5th
and 6th power of A

68 0 164 232 0 560
A’=| 136 32 428 A°=| 532 64 1484
164 0 396 560 0 1352

29



Eigenvalues and Eigenvectors : The power method iv

232 792
we get : xX® = ASx=| 628 & x® = APx = | 2144
560 1912
This leads to
(6)
X 792 2144 1912
MR — = — " —— & —— x3.4142
1N @ T 232 608 mon < orA14280
0.3694
and the e-vector u™) &~ x(©) ~ 1
0.8918
NOTE:

It is numerically faster to construct the vectors x**1) by multiplying the matrix
A with the vector x*) i.e. x*™) = Ax(¥) instead of calculating the kth power

of A.

30



Eigenvalues and Eigenvectors : Aitken Acceleration

The elements of the vector r) in eqn (32) are approximations to the exact
e-value A1 and the error will be e¢x = |rx — A1| where r is any element of r),

Obviously for r(<1)

we get €11 = |rks1 — A1, Since the convergence of the
method is linear:, i.e.

€k+1 — Aek (33)

we can use Aitken's method to accelerate the convergence. That is, we will use
the formula derived in the previous section for 3 approximate values: ry, rii1
and r4» to find a better approximation to the e-value i.e.

2
YiVii2 — Vg
A ——— kL (34)
Fiio — 201 + g

Application:

From the example of the previous slide r5s = 3.414, rs, = 3.413 and r3; = 3.407.
Then Aitken's method gives \; ~ 3.4142.

31



Eigenvalues and Eigenvectors : Inverse Power Method

Theorem: If ) is an e-value of a matrix A, then A~! is an e-value of the A~ L.

Thus if [A1] > |A2| > -+ > [An—1] > |An| > 0, are the e-values of A then
’)\,Ql‘>‘/\ﬁl‘2---z‘)\f1’>0 (35)

will be the e-values of A~!. Thus )\,;l is the largest e-value of A%,

To find the e-value instead of calculating the inverse of the matrix A to get the
expression (Afl)(kﬂ) x we can solve by using Gaussian elimination the system
A xkHD = x“‘), where x(¥) is defined as x¥) = A¥x.

That is for a initial x(¥, we get x) = A~'x(@ j.e. AxY) = x©. Thus the
solution of the linear system defines the value of x().

With this procedure we get the vector x“**) and A\, via

XD = A7 o AxEFD = () (36)

32



Eigenvalues and Eigenvectors : Shifting Power Method

Theorem: If the N values \; with (i =1,..., N) are the e-values of a N x N
matrix A, then for any complex number 1 the matrix A — pl (where | is the unit
matrix) will have as e-values the complex numbers (A\; — ) for (i =1,... N).

Thus if in the interval (An, A1) we consider a point y such that for an e-value
Ak to hold 0 < |Ax — p| < € while for all the rest we get |\; — | > ¢; then
[\« — p| will be the minimum e-value of A — pl.

This means that we can estimate it by using the inverse power method

Remember that you need to calculate x**%) by solving the system:
(A— [Il)X (k1) _ (k)
Thus if we calculate the rx, the actual e-value \; will be:

1
Ai=—+p. (37)
rk
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