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ABSTRACT

Smoothed Particle Hydrodynamics (SPH) is widely used for astrophysical
applications, in particular problems of self-gravitational hydrodynamics. How-
ever, critics have argued that inherent accuracy problems with the method can
be identified, in particular when it comes to describing shocks and dynamical
instabilities. Regularized Smoothed Particle Hydrodynamics (RSPH) has previ-
ously been proposed as an extension to SPH. It is an attempt to increase the
accuracy of the hydrodynamical description without having to abandon the La-
grangian formulation altogether. As the name implies, the method relies on a
regularization technique where the solution at temporal intervals is mapped on
to a new set of regularly placed particles. This technique allows us to reduce the
numerical noise otherwise caused by highly irregular particle distributions and
to take advantage of a more flexible approach to variable resolution. The cost
of introducing the regularization scheme lies in increased methodical complexity,
and in increased numerical dissipation. This paper investigates the numerical dis-
sipation both qualitatively and quantitatively in the context of two-dimensional
models relevant to the study of protoplanetary disks. Basic hydrodynamical tests
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highlight key properties of the RSPH approach. By comparison with an analyti-
cal solution, we are also able to quantify the dependence of the spurious viscosity
on key numerical parameters. To put the theoretical discussion in perspective,
we also present results from simulations of test problems involving disk-planet
interactions. The results are compared to published results obtained with other
codes.

Subject headings: methods: numerical — hydrodynamics — accretion, accretion
disks

1. Introduction

Grid-based, Eulerian methods have for a long time been used to study astrophysical
fluids governed by the combined effects of gravitation, radiation, magnetic forces, and fluid
flow. A wide range of codes exists, and a major research effort has been put into developing
solvers that can handle the relevant combination of effects. However, the Eulerian formu-
lation also has its limitations. First, complex, advective flows are challenging to model, in
particular if multiphase descriptions are required. Secondly, three-dimensional structures,
e.g. in self-gravitating systems, often have shapes not particularly well represented by rect-
angular grid cells. Thirdly, due to an otherwise overwhelming computational cost, it is
often necessary to apply an adaptive approach when modelling astrophysical fluids in two
and three dimensions. Implementing grid-based, adaptive schemes is still considered a fairly
complex process.

Due to what has been perceived as fundamental limitations to Eulerian methods, alter-
native methods based on a Lagrangian formulation, both grid-based and gridless, have been
developed. N-body methods focus on the gravitational interaction between a representative
sample of individual particles (Aarseth 1963). Smoothed Particle Hydrodynamics (SPH)
allows the treatment of gravitation to be combined with a description of the fluid dynami-
cal effects (Lucy 1977; Gingold & Monaghan 1977). The method is Galilean invariant and
can fairly easily incorporate a variable, density-dependent resolution. This opens up for a
whole new range of applications which traditionally has not been within the scope of other
methods. But the gridless approach also presents new challenges not found to the same
extent with grid-based codes. For example, finding the best way to include magnetic forces
and radiation in SPH simulations is still very much an area of research (Price & Bate 2007;
Bgrve, Omang, & Trulsen 2006, hereafter referred to as Paper III; Whitehouse, Bate, &
Monaghan 2005). Even when a purely hydrodynamical description is sufficient, critics claim
SPH is considerably less accurate than comparable grid methods, in particular in regions
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where the resolution ideally should be decoupled from the density (Kang et al. 1994; Klein
1999; de Val-Borro et al. 2006, hereafter referred to as VB06; Agertz et al. 2007).

Regularized Particle Hydrodynamics (RSPH) was developed with this in mind as an
extension to SPH (Borve, Omang, & Trulsen 2001; Bgrve et al. 2005, hereafter referred to
as Paper II). The aim has been to improve the overall accuracy and efficiency of SPH sim-
ulations without having to sacrifice the Lagrangian formalism altogether. This is achieved
primarily through a regularization technique which allows the overall irregularities in the
underlying particle distribution to be reduced and more general, problem-specific resolution
criteria to be adopted. Secondly, the theoretical resolution, as determined by the smoothing
length, is varied both in time and space by factors of two, much in the same way as in
Adaptive Mesh Refinement (AMR) codes. RSPH has been shown to give good results on
(magneto-)hydrodynamical shocks (Paper III; Omang, Berve, & Trulsen 2006). While the
regularization scheme reduces the need for traditional artificial viscosity, the scheme intro-
duces numerical effects such as increased dissipation and wave dispersion (Paper I11; Bgrve,
Omang, & Trulsen 2004, hereafter referred to as Paper I). These spurious effects are un-
avoidable as the regularization involves mapping the solution at a given point in time from
an old to a new particle distribution.

In this paper, we investigate more closely the numerical dissipation caused by regu-
larization in RSPH. This is done through a set of simulations relevant to the modelling of
protoplanetary disks, although the dissipative effect is not restricted to this particular appli-
cation. Protoplanetary disks were chosen as test application for several reasons. First, the
study of protoplanetary disks is related to the understanding of planet formation and there-
fore of great interest. Secondly, the flow pattern in protoplanetary disks typically involves
an inherent shearing motion which is expected to induce numerical dissipation during reg-
ularization. In fact, the ability of conventional SPH to handle shear flows has also recently
been a matter of discussion (Imaeda & Inutsuka 2002; Monaghan 2006; Agertz et al. 2007;
Price 2008). Thirdly, relevant models can be restricted to two dimensions making it feasible
to study a wider range of important parameters.

This paper has been organized as follows: First, we will in §2 provide a short description
of the method itself and the origin of the numerical dissipation. Then we present a selection
of 3 basic hydrodynamical tests in §3. These tests illustrate the effect that regularization in
general has on SPH simulations. Another test specifically relevant to the study of accretion
disks, the viscous ring test, is discussed in detail in §4. This test is particular useful in that
an analytic solution to the problem exists. It enables us to study the spurious viscosity
both qualitatively as well as quantitatively. The dependence of the numerical dissipation
on key numerical parameters is discussed. To put the discussion of numerical dissipation in
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RSPH into perspective, we then present results from simulations of a planet-disk interaction
in §5. This test was recently used in a comparative study of existing codes, including both
grid-based and SPH codes (VB06). We will therefore compare our results to that provided in
VBO06, with a particular focus on possible effects of the numerical viscosity studied in detail
in §4. Finally, a summary is given in §6.

2. The Numerical method

SPH is based on interpolation theory, and the equations of motion are expressed us-
ing integral interpolants, which in turn are approximated by summation interpolants. In

the current work, the following set of equations are used to describe a hydrodynamic fluid
(Monaghan 2005):

dr,

dt = ’UC” (1)
Pa = ZmbWab, (2)

dv, P,

o = — Zmb ( b p + Hab) Va)/vaba (3)

de,

E = Zmb ( + Hab) 'Uab'vawabv <4>
P = (v Dewpn (5)

The mass, position, velocity, density, thermal pressure, and internal energy of particle a
is denoted by mg, T, Ve, pa, P, and e,, respectively. The interpolating kernel W,, =
W(r, — 7p, hay) has the characteristic scale length hy,, = (hg + hy)/2 and should normalize
to unity when integrated over all space. Where nothing else is specified, the commonly
used third-order spline function is chosen as the interpolating kernel (Monaghan 2005). The
quantity Il,, is the commonly added artificial viscosity term as described by Monaghan &
Gingold (1983). The strength of the artificial viscosity is determined by the two parameters
«a and (. The treatment of spatially varying h in RSPH is somewhat different from that
of conventional SPH and has been described in detail elsewhere (Paper II). To enable h-
profile optimization (whenever h is allowed to vary) or to simply reduce particle disorder, a
procedure called particle regularization is applied. This procedure, which represents the core
difference between conventional SPH and RSPH, is the primary source for the additional
numerical dissipation discussed in this paper.

Assume now that we want to replace an old particle distribution O with a new particle
distribution A. The former distribution will in general be disordered due to the fluid flow
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history, while the latter distribution typically is highly regular by design. When the spatial
size and position of the old and the new particles are known, one can find the exact volume
occupied by each particle using e.g. Voronoi diagram techniques (O’Rourke 1998). The right
hand panel of Figure 1 illustrates this situation representing individual particles belonging
to the old and new distributions by dots and plus signs, respectively. The corresponding
Voronoi cells are indicated by solid and dotted lines, respectively. Based on the degree of
spatial overlap between old and new particles, mass, momentum, internal energy etc. are
transferred from O to N. Let summation indices o and n indicate particles belonging to O
and N, respectively. If Q2 denotes the size of the spatial overlap between particles n and o,
the mass of the new particle n is given by
Mo,
My, = Z VOQ" (6)

o

where the equality
Vo= (7)

determines the spatial size V, of the old particle 0 and thus secures conservation of mass.
Generalised to linear momentum and internal energy per unit mass, we get

1 M,V
n— OOQO7
K Dh L (8)
and 1 e
L= °°qe. 9
o= ©

The left hand panel of Figure 1 illustrates a situation where a given old particle marked
o finds overlap with 4 new particles marked n; — ny. In this particular case, particles n;
and n4 inherit most of the mass, momentum, and internal energy of particle o, in roughly
equal shares. Particles ny and n3 on the other hand, inherit only small fractions of the same
quantities. All 4 new particles, however, also inherit from other, overlapping particles of the
old distribution. So in the end, the 4 new particles might very well end up with roughly the
same mass, momentum, and internal energy.

2.1. The origin of numerical dissipation

While linear momentum and internal energy is conserved in this process, angular mo-
mentum and kinetic energy will not in general be exactly conserved. In particular, the
kinetic energy will be reduced during regularization. To conserve total energy, a correspond-
ing correction to the internal energy is applied. The regularization will therefore act as a
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source of additional viscosity. No numerical viscosity is present where the velocity field is
uniform. However, regularization can still have a dissipative effect, as a source of numerical
diffusion. To illustrate this, we look at a force-free, one-dimensional system where a square
pulse density profile exists. The particles representing this system is regularly placed with
a particle spacing of A. The initial width of the pulse is 4A and A = 1.4A. All particles
are assumed to move with the same drift velocity vy with respect to the reference frame. At
the temporal interval Treg, hereafter referred to as the regularization period, a new particle
distribution is generated as specified in equations (6)-(9). Due to the drift, the old and new
particle distributions will in general be shifted relative to each other. This causes the density
profile to broaden. This is shown in Figure 2 for 4 different cases. The ratio Tregva/A in
simulations a, b, ¢, and d is equal to 0.01, 0.1, 0.5, and 1.0, respectively. There are 5 different
curves in each of the 4 plots. The solid line indicates the initial density profile. The dotted,
dashed, dash-dotted, and dash-triple-dotted lines show the solution in a co-moving reference
frame after 100, 200, 300, and 400 regularizations, respectively. Unlike more realistic cases,
the old and new particle distributions in this case always have the same shift relative to each
other. As a result, we see in Figure 2 that the amount of diffusion depends highly on the
drift velocity. Case c represents the maximum diffusion because the two distributions will
be offset by exactly one half of a particle spacing. In case d, the drift velocity is such that
the offset is exactly 0 and the numerical diffusion therefore vanishes as well. By comparing
cases a, b, and ¢ we can conclude that only a small offset relative to the particle spacing is
required to get substantial numerical diffusion.

3. Basic hydrodynamic tests

In this section we study how regularization modifies the description of 3 basic, hydrody-
namic problems. We also compare with results from grid codes. These tests illustrate both
the effect of numerical dissipation due to regularization and the difference in how SPH and
RSPH adopt variable resolution. The 3 tests include a linear wave test, a strong shock test,
and a Kelvin-Helmholtz instability (KHI) test.

3.1. Linear waves

Linear waves as a test case for SPH have primarily been of interest in relation to dis-
cussions on linear stability. In Morris (1996a,b) it was shown how linear stability in multi-
dimensional simulations of hydrodynamical waves is only achieved when the ratio h/A is
close to 1.2. This result was later generalised to MHD waves (Paper I). The latter work
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also discusses briefly how regularization might affect the dynamics of the waves. Generally
speaking, the waves are strongly damped if the ratio of regularization period to wave pe-
riod, hereafter referred to as r, is much less than unity. In the current work, we present
test results of linear, isothermal waves. The simulation domain is 2 x 0.5 in wave length
units. Equal-mass particles initially placed on a uniform, Cartesian lattice are given small
displacements resulting in a 0.1% amplitude density fluctuation. The h/A ratio is set to 1.2
to insure linear stability. Since the commonly used third order B-spline kernel results in a
fairly inaccurate phase speed for the current choice of h/A (Morris 1996b), we instead use
the fifth order B-spline kernel in this test. Simulations are performed for 5 different wave
lengths ranging from 12A to 192A.

We are primarily interested in studying how the wave amplitude changes in time, and
in particular we want to see to what extent regularization results in numerical dissipation
which in turn causes the wave to be damped. The approach chosen in the current work, is to
study the temporal evolution at a given sensor point. To be able to present the simulation
results in a concise manner, we introduce the normalized damping rate, 7. Let us therefore
assume that the density perturbation at the position of the sensor has the following form

Sp(t) = pre 7" cos(wt — @) (10)

and let Sy denote the maximum absolute value of dp(t) measured by the sensor in the time
interval ¢ € [kP,,(k+1)P,), where P, is the wave period. We look for the maximum
perturbation over a full wave period because we are interested in the long term evolution of
the amplitude. We can then calculate v as a weighted average by the expression

2 —. (S
= In(2X 11
7 Atw(N—l)N; n(so)’ (11)
where N = 100 is the total number of simulated wave periods. Note that a positive ~

indicates a decrease in amplitude. Figure 3 shows v as a function of wave length for a
number of different simulations. The solid lines indicate RSPH simulations where r vary
from 0.75 to 16.25. We have deliberately avoided choosing integer values of r because this
would result in smaller damping rates than one could normally achieve in more complex
simulations. This is in line with what we observed in the force-free test discussed in §2.1.
The dotted lines represent SPH simulations where the effect of adding artificial viscosity is
studied. The viscosity parameter o ranges from 0.0 to 1.0, while the relation § = 2« holds
for all simulations. The dashed line indicates results made with the grid code RH2D (Kley
1989).

From the solid lines we can conclude that regularization will dampen waves significantly
if the regularization period is smaller than or similar to the wave period. As long as r is kept
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more or less constant, v is observed to vary only weakly with wave length. Likewise, the
damping is negligible if the regularization period is an order of magnitude higher than the
wave period. The SPH simulation with @ = 0 is observed to show a slight increase rather
than a decrease in the wave amplitude. This is due to inaccuracies in the time stepping
scheme and can be reduced by reducing the time step. The amplitude growth can be seen to
increase as the wave length is reduced from 192A to 24A. In the case of 12A, we therefore
chose to reduce the time step. As a consequence, the v becomes slightly positive in this
case. When artificial viscosity is turned on, the SPH simulations even at the modest level
of @ = 0.1 show damping rates that are comparable or higher than that found in the RSPH
simulations. The RH2D results show no signs of numerical dissipation. On the contrary,
the same type of time stepping error seen in the inviscid SPH simulations, seems to be even
more evident in the RH2D results as the latter results show clear indications of amplitude
growth. Apart from this, none of the simulations described in this test show phase errors
larger than 1% and regularization does not seem to affect this error significantly.

3.2. Strong shock with extreme jumps in pressure and velocity

The development of RSPH has in particular been motivated by the desire to improve
the SPH treatment of shocks. Recent work also indicates, through comparisons with both
numerical and experimental data, that this aim has been achieved (Paper II; Paper III;
Borve et al. 2008; Omang et al. 2009). For the sake of completeness, however, we present a
new comparison between RSPH and two other numerical methods on a shock tube problem.
The current test was described by Xiao (2004) as a severe test problem not only in terms
of numerical stability and robustness, but also when it comes to the conservative properties
of the numerical method. In fact, non-conservative schemes tend to produce incorrect shock
positions, especially in the case of strong shocks. The initial condition is defined within the
computational domain 0 < x < 1 and consists of a left and right hand state separated by a
membrane at x = 0.5. The initial state vector g = (p, v, P) can be written in dimensionless
units as

(12)

(1.0,0.0,1.0 x 10'%) for 0 < z < 0.5;
(0.125,0.0,0.1) otherwise.

This initial condition creates a supersonic shock.

Figure 4 compares 3 different solutions of the density (left hand panel) and the velocity
(right hand panel) at time ¢ = 2.5 - 1075 The solid line represents the RSPH solution
obtained with a non-uniform, time-dependent resolution. Regularization is performed at
variable intervals, typically around 70, according to a new, adaptive scheme (see Appendix
A for more details). The standard ratio of smoothing length to particle spacing is here set
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to 2.0. The dotted line represents the SPH solution obtained with equal-mass particles and
with variable h (Price & Monaghan 2007). The last solution, represented by the dashed line,
is made with the FCT solver included in the commercial software ANSYS AUTODYN! using
a uniform grid. The latter code solves the problem on a one-dimensional grid with 1000 grid
points. Both the SPH and RSPH solutions are the results of two-dimensional simulations.
The time averaged particle number in the RSPH simulation is 570 x 11, while the particle
number in the SPH simulation is fixed to 26000 (800 x 32 and 100 x 4 in the high and low
density regions, respectively). The SPH and RSPH results in Figure 4 have not gone through
any post-processing but include the full particle data plotted along the z-axis.

The RSPH code is seen to handle the current problem quite well despite the severe
initial condition. The shock interfaces are sharp and the shock positions and intermediate
density and velocity levels fit well with both the results presented in Xiao (2004) and the
AUTODYN results in Figure 4. There is however a noticeable overshoot near the shock
front at roughly x = 0.85. The SPH code, on the other hand, has difficulties in handling the
strong compression caused by the initial step in pressure. This leads to particle penetration,
a well-known problem proposedly solved by modifying the equations of motion (Monaghan
1989). For the sake of comparison, however, we instead opted for the other common cure
to this problem, namely to increase the artificial viscosity. Instead of the typical values of
a =1and # = 2, we had to choose &« = 2 and 3 = 4 to prevent the particle penetration from
occurring. The results still show clear indications of errors due to strong variation in particle
spacing, such as the strong dip in density near the contact discontinuity. This indicates that
the artificial viscosity is inefficient at preventing particle penetration in multi-dimensional
simulations. Also, the shock interface is not very clearly defined. This is partly because the
resolution drops by a factor of roughly 6 as density does the same, and partly because of the
high level of artificial viscosity needed in this test.

3.3. Kelvin-Helmholtz instability

In Agertz et al. (2007) SPH is reported to perform poorly in tests relating to multiphase
interactions. In particular, the authors are concerned about the SPH results of the Kelvin-
Helmholtz instability (KHI) test. KHI, which occur when velocity shear is found at the
interface between two fluids, is an important physical process for instance when considering
gas cloud stability (Murray et al. 1993; Mori & Burkert 2000). In Agertz et al. (2007), the
SPH results show no signs of instability growth for the density ratio y = 10. However, when

!Description available online at http://www.ansys.com/products/explicit-dynamics/autodyn//.
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there is no density difference, that is y = 1, the KHI does indeed evolve more or less as
in the grid results. They explain this fundamental difference by an artificial gap opening
between the low and high density particles. In Price (2008), the error is attributed to a lack
of dissipation associated with the jump in temperature found at the material interface. The
author introduces an artificial conductivity term in the equations of motion which is shown
to largely correct the SPH solution of the KHI. The instability is then observed both in the
case of y =2 and x = 10.

Here we will present simulation results of the y = 10 KHI test using RSPH. We will
show results both with and without artificial conductivity. The simulation domain is, as in
Agertz et al. (2007), chosen to be (—0.5 < z < 0.5) x (0 < y < 0.5) with periodic conditions
in x and reflecting conditions in y. In other words, we assume a symmetry line at y = 0.
The density is 10 for y > 0.25 and 1 for y < 0.25 resulting in a density ratio of xy = 10. The
pressure is equal to 2.5 throughout. The ratio of specific heats, =, is set to 5/3. The velocity
components in x and y are given by

v, = 0.5 for y <.O.25; (13)
—0.5 otherwise
and
Asin (—k(xz +0.5)) for |y — 0.25] < 0.025;
0 otherwise,

where A = 0.025 and k£ = 127. No artificial viscosity is applied. A uniform resolution is used
throughout with a standard particle spacing of 1/256 and h/A = 1.2, and regularization is
performed at fixed intervals of 48 time steps.

In Figure 5 we show two plots, marked a and b. Both plots show the solution at
time ¢t = 7k = 0.58. These plots are directly comparable to the third row of plots (from
the left) in Figure 13 of Agertz et al. (2007) and the third plot (from the left) in Figure
9 of Price (2008). The top plot shows results without artificial conductivity. Unlike the
SPH results reported in Agertz et al. (2007), the perturbations have clearly grown, although
the growth rate is not as large as that found in the grid solutions presented in Agertz et
al. (2007). It is more similar to that presented in Price (2008), however the tip of each
wave structure is not as thin. It is interesting to see how regularization in this case has
a positive effect on the description of material interfaces. This is probably due to the
numerical dissipation associated with it. As h/A is increased, the ability to smooth the
interface is gradually lost causing the results to look more like the inviscid SPH results. The
effect that regularization has on the description of multiphase flow problems has recently
been discussed in greater detail elsewhere (Bgrve & Price 2009). The bottom plot shows
the effect of adding artificial conductivity as described in Price (2008). Due to the extra



- 11 =

dissipation, the transition between the high and low density region is smoother resulting in
thinner wave tips. The growth rate is still not as large as that seen in the grid results in
Agertz et al. (2007). The growth rate does, however, seem to be somewhat higher than that
achieved with the standard SPH approach (Price 2008). Note also that the SPH results are
obtained with equal-mass particles which, given the factor 10 density ratio, means a factor
of 5.5 more particles are needed in the SPH simulations compared to the RSPH simulations.

4. The viscous ring

A viscously spreading, pressure-less ring orbiting a central point mass M. on Keplerian
orbits is an important test case in the theory of accretion disks. It represents an idealized
example of the main features of an evolving thin accretion disk, i.e. the inward transport of
mass and outward transport of angular momentum (Pringle 1981). Under the assumption
of a small kinematic viscosity v which is independent of the surface density, an approximate
analytic solution can be found for this problem, stated originally by Liist (1952) and later
by Lynden-Bell & Pringle (1974) (for a more general solution see e.g. Speith & Riffert 1999).

The accretion disk is assumed to be thin, i.e. the vertical thickness of the disk is very
small in comparison to the radial extent. The disk evolution can therefore be modelled by the
vertically averaged hydrodynamic equations. This reduces the problem to two dimensions
and formally corresponds to the two-dimensional version of the hydrodynamic equations. In
particular, the density p is replaced by the vertically integrated surface density . In this
particular case, we will assume the initial surface density to be given as

M
B 27TRO

Sinit(R) 0(R — Ry), (15)
where M is the total ring mass. For a constant vertically averaged kinematic viscosity
Vs, this leads to the following surface density solution of the viscously spreading ring (e.g.
Lynden-Bell & Pringle 1974; Speith & Riffert 1999):

S a) = o L1%<2—x) exp(—1”2), (16)

wRZ T xl/4 T* T

where z = R/Ry and 7* = 12v,t/R3 are dimensionless radial and time coordinates, respec-
tively. Furthermore, I 1 denotes the modified Bessel function of order 1/4. It is important
to realize that solution (16) fulfills the hydrodynamic equations only by approximation,
assuming the kinematic viscosity v is small compared to the specific angular momentum
R?*\/GM_.R in the disk. This is equivalent to the condition vg < v,, where the azimuthal



velocity is equal to the Keplerian velocity

(17)
and the radial velocity is obtained by

vg = _Ei\/ﬁ% |:VSE\/E] . (18)

Figure 6 visualizes the surface density as a function of radius for several viscous times.
This axi-symmetric, analytic solution of the viscous dust ring is frequently used as a test
problem for numerical methods developed to simulate accretion disks (e.g. Flebbe et al. 1994;
Speith & Riffert 1999; Kley 1999; Speith & Kley 2003). In fact, it is one of very few known
analytic solutions for viscous flows. Therefore, it is also the basic test problem in this work.

4.1. Simulations and results

To be able to simulate the evolution of the viscous ring, we include a module to handle
shear viscosity in the RSPH code. Because we are only interested in deviations due to
numerical diffusion, it is sufficient to adopt the common artificial viscosity approach of
Monaghan & Gingold (1983) for modelling the kinematic shear viscosity. Using the relation
developed by Meglicki, Wickramasinghe, & Bicknell (1993) we adjust the parameter « of the
artificial viscosity such that the underlying kinematic viscosity of the viscously dissolving
ring is fixed to v, = 4.8-107° (in system units). It has to be noted though that for physically
more realistic simulations of the viscous ring, a tensorial approach of the full viscous stress
tensor should be adopted (Speith & Kley 2003).

The RSPH scheme is governed by three main numerical parameters. These are the
regularization cycle ¢, the ratio of smoothing length to particle spacing h/A, and the max-
imum smoothing length h. The regularization cycle ¢, is the number of time steps be-
tween consecutive regularizations. The relation between ¢, and regularization period T, is
Treg = > ooy At;, where At; is the length of time step i. In this parameter study, we vary the
regularization cycle according to ¢, = 1,2,4,8, 16,32 (measured in units of 40). The ratio of
smoothing length to particle spacing is varied according to h/A = 1.0,1.2,1.4,1.6,1.8,2.0,
while the smoothing length is fixed to h = 0.02 Ry. For the combination of ¢, = 4 and h/A =
1.6, we additionally change the smoothing length A according to 1000h = 15, 20, 25, 30, 35, 40
(measured in the intrinsic length scale Ry).

Initially, the RSPH particles are distributed on a 2D-annulus in the disk plane such
that they represent the surface density of the ring at time 7 = 0.018. This avoids the
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initial singularity of the viscous ring solution at 7* = 0. Snapshots of the RSPH solutions
at 7 = 0.054, 0.090, 0.126, 0.162, and 0.198 are stored, and to evaluate the results, we
compute the azimuthally averaged surface density as a function of the radial coordinate.
The difference between the maximum and minimum density found at a given radius defines
the noise level at that particular radius. By averaging over all radii, we obtain the noise
error of the snapshot in question. Then, we determine an effective viscous time from a y2-fit
of the azimuthally averaged results against the analytic ring solution. This in turn allows us
to calculate an effective kinematic viscosity veg for each simulation. This effective viscosity
is the intrinsic physical kinematic viscosity vs (modelled by artificial viscosity) modified by
spurious numerical shear and numerical diffusion due to the regularization mechanism.

Figures 7, 8, and 9 show some of the RSPH results and how they depend on ¢, h/A,
and h, respectively. In all diagrams, surface density is plotted against radial coordinate at
simulation time 7% = 0.090. Solid lines denote the azimuthally averaged simulation results,
the dotted lines indicate the upper and lower noise limits, the dashed line shows the analytic
ring solution at 7% = 0.090, while the dashed-dotted lines depict the best fit of the analytic
solution to the numerical results. Please note that panels 7 c¢), 8 d), and 9 b) represent
the same simulation. A short regularization cycle (i.e. a large number of regularizations),
causes the introduced effective dissipation to be rather high, as can be seen in Figure 7 a).
Here, the ring has spread considerably wider than the corresponding analytic solution. In
contrast, the noise error of the results is practically negligible in this case. With increasing
¢, the azimuthally averaged simulation results match the analytic solution better and better,
while the noise at the same time grows significantly. The effective viscosity depends to a
lesser degree on the number of particle spacings per smoothing length and on the value of
the smoothing length, as can be seen by comparing Figures 8 and 9 to Figure 7. In the
simulations corresponding to Figures 8 and 9 ¢, = 4 is chosen. The azimuthally averaged
surface density is seen to only marginally underestimate the analytic solution with slightly
growing difference for decreasing A/h and increasing h. The level of noise, however, is
strongly increasing with decreasing A/h and increasing h, in particular towards the inner
ring boundary, where the velocity is higher.

A more quantitative evaluation of the effective viscosity based on all simulations can
be found in Figure 10. For every simulation, i.e. for every combination of parameters c;,
h/A and h, a time-averaged veg is obtained. The error bars indicate the maximum and
minimum value of the effective viscosity found during the time evolution of the viscous ring.
The upper panel of Figure 10 shows the mean effective viscosity plotted as a function of
regularization cycle ¢,, where different curves indicate different values of h/A. Accordingly,
the middle panel shows v plotted as a function of A/A for the different values of ¢,. The
simulations in both diagrams use h = 0.02 Ry. In the lower panel, v.g is plotted against



— 14 —

smoothing length h. Here, ¢, = 4 and h/A = 1.6 are adopted. In all three diagrams, the
value for the intrinsic kinematic viscosity vy is also indicated.

The relation between v.g and the numerical parameters is as expected. Increasing the
total number of regularizations performed (i.e. decreasing ¢, ), causes the induced numerical
diffusion to be increased as well. On the other hand, increasing the ratio h/A of particle
spacings per smoothing length, causes the spurious numerical viscosity to be reduced. Note,
however, that the combination of small initial values of h/A and large values of ¢, is more
likely to lead to insufficient interactions per particles. This is because the distance between
particles increases during the spreading of the ring. If this is indeed the case, additional
spurious effects can become important. Bear in mind that due to the variable length of
the time steps, the regularization period 7., may not be a constant in these simulations.
This can possibly also influence the value of the effective kinematic viscosity, as the number
of regularizations per time (and thus the introduced diffusion) increases when the time
steps get shorter. Regarding the smoothing length, the effective viscosity is only increasing
very slightly with increasing h (see lower panel of Figure 10). Apparently, the number of
interaction partners is somewhat more important for the induced numerical diffusion than the
total particle number, and both are much less important than the period of regularization.

An evaluation of the noise level in the simulations has also been performed and the
results are summarized in Figure 11. The upper panel, where the noise error is plotted
as a function of the number of regularization cycles, demonstrates nicely the advantage of
the RSPH approach. For a high number of regularizations, the noise in the simulations is
decreasing nearly linearly. We measured a noise error dependence of ~ 2™ to ~ ¢! for small
values of ¢,. In contrast, the curves level off for large values of ¢,. There, regularizations
become so rare that their effect can be neglected and the usual SPH noise is reached. In
the middle panel, the noise error is plotted against h/A. Here one finds that for the SPH
limit, i.e. for ¢, = 32, the noise error is well approximated by a relation o (h/A)~2. This
means that the noise is directly related to the number of interacting neighbors. For smaller
¢, i.e. for an increasing number of regularizations, the noise seems to decrease even faster,
according to oc (h/A)™25. This may however be a selection effect if by chance the period
of regularizations roughly coincide with the period of the data output. If so, the measured
noise level is expected to be slightly smaller than the real noise level in the simulations.
For the run with the higher number of regularizations, i.e. ¢, = 1, the relation is again
proportional to (h/A)~2. The lower panel of Figure 11 shows the dependence of the noise
error on the smoothing length h. Here, the noise level is increasing nearly linearly with h.
For the two-dimensional ring problem at hand, this means that accuracy increases roughly
with the square root of the total particle number, making the maximum smoothing length
an important parameter for accuracy.
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5. Planet-disk interaction

In modern-day astronomy, numerical simulations play a vital role in understanding the
underlying physical processes. It is therefore imperative that the methods are as reliable
as possible. Validating and comparing different numerical methods on non-trivial problems
is an important step in this process. Fortunately, several comparative studies relevant to
astrophysical applications have been published (e.g. Kang et al. 1994; Bryden et al. 1999;
Agertz et al. 2007). In VB06 17 different codes, among them 2 SPH codes, were compared on
a problem involving planet-disk interaction. In this paper, we will adopt the set-up applied
in VBOG6 for the inviscid case of both a Jupiter- and a Neptune-sized planet interacting with a
Sun-like star. The mass of the star, M, is set to unity while the mass of the planet, M, given
by the ratio M,,/(M, + M,) is equal to 10~ and 10~* in the case of Jupiter and Neptune,
respectively. The star and planet orbit the common center of mass (CM). The accretion
disk itself is not self-gravitating, but interacts gravitationally with the central star and the
planet. The planet’s gravitational potential has been softened using a softening parameter
equal to 0.03a (see VBO6 for details), where a = 1 is the orbital radius of the planet. The
initial surface density of the disk is assumed to be

M,
o = 0.0002—
Ta

~ 6.366 - 107%, (19)

with inner and outer radii 0.4 and 2.5, respectively. The ratio of the local sound speed and
Keplerian velocity is set to 0.05. The planet mass is gradually increased over the first 5
orbital periods as given by

M, (t) = Msin’ (%) (20)

to prevent strong shocks to dominate the early phases of the simulation. In all, the simula-
tions were run for 100 planet orbital periods.

5.1. Numerical setup

This particular problem clearly lend itself to a cylindrical description. For this reason,
nearly all the grid codes described in VBO06, e.g. RH2D (Kley 1989), use cylindrical grids.
Only 2 of the grid codes included in the comparison, FLASH-AP (Fryxell et al. 2000) and
PENCIL (Brandenburg & Dobler 2002), used Cartesian grids. The two SPH codes included
in VB06 are SPHTREE (Benz & Buchler 1990) and PARASPH (Schéfer et al. 2004). In the
current work we have run simulations at 3 different resolution levels. Unlike the PENCIL,
SPHTREE, and PARASPH simulations, the RSPH simulations do not explicitly apply any
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artificial viscosity. The only viscous effect therefore comes from the regularization. Informa-
tion regarding the resolution and execution time on a single processor for the 8 simulations
just listed, can be found in Table 1. Unfortunately, the execution time for the FLASH-AP
run is not available. It should also be noted that the high execution time of the PARASPH in
part can be ascribed to the fact that this is a parallel code not optimized for single processor
simulations. For the simulations included in VBO06, but not listed in Table 1, the execution
times range from roughly 1 to 42 hours.

The boundary conditions in the RSPH simulations are treated as in the PARASPH sim-
ulations. This means that the motion of particles found in the radial intervals of [0.4,0.5] and
[2.4,2.5] is fixed to Keplerian orbits. In §4 it was shown how variation in the regularization
period Treg and h/A, the number of particles per smoothing length, can affect the numerical
dissipation. In this test, h/A = 1.4, while the number of time steps between consecutive
regularizations was allowed to vary according to a new optimization scheme described in
Appendix A.

5.2. Interaction of Jupiter with a locally isothermal disk

It is well known that a planet orbiting a star at a fixed radius will open a considerable
gap in the disk (Lin & Papaloizou 1986) and create a one-armed spiral wake (Ogilvie &
Lubow 2002). The main features of this disk structure are established within a typical time
interval of 10 orbital periods. However, to compare with the results presented in VBO06,
we ran the RSPH simulations for 100 orbital periods. In Figure 12 the surface density in
logarithmic scale has been plotted as a function of the cylindrical coordinates (corresponding
to Figure 2 and 10 in VB06). Panels marked a, b, and ¢ correspond to the low, medium, and
high resolution simulations, respectively. The dashed lines indicate the theoretical solution
presented by Ogilvie & Lubow (2002). Already the low resolution results capture the main
features of the interaction and fit reasonably well with the theoretical model. However, we
see that characteristic features are sharpened and amplitudes are increased as resolution is
increased. The cylindrical schemes presented in VB06 all produce solutions of the inviscid
Jupiter system with local density enhancements in the gap associated with the L, and Lj
Lagrangian points. This is not seen in the corresponding solutions shown in Figure 12.
Instead, the medium and high resolution RSPH simulations show clear indications of small
scale wave structures in the gap in much the same way as that found in the inviscid FLASH-
AP solution. In contrast, the PARASPH solution for the inviscid Jupiter system shows much
less distinct features. The PENCIL and TREESPH scheme were not applied to the inviscid
Jupiter system.
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In order to get a more detailed picture of how the RSPH results fit in with both the
viscous and inviscid results presented in VB06, we have in Figures 13 and 14 plotted cuts
through the normalized surface density solutions for ¢ = 7 and for r = a, respectively.
In Figure 15 the azimuthally averaged surface density is plotted as a function of radius.
Comparing with the appropriate figures in VB06, Figures 4-6 and 12-14, we see that the
high resolution RSPH solution fits quite well with the overall picture seen in VB06. The
peaks associated with the spiral arm wake are in Figure 13 sharp and their positions and
amplitudes agree with that seen in VB06. The peaks found directly on either side of the gap
are lower than what was reported in VB06 to be typical for the grid-based schemes. Also,
the Lagrangian points are not seen in Figure 14. The mean density at r = a for ¢ # 0 is
similar to that seen in VBO06 for the viscous case. The azimuthally averaged density shown
in Figures 15 and 16 reveals a drop in the density near the inner boundary layer at » = 0.5.
As a result of this, the density peak found near the inner edge of the gap is lower than that
found in almost all the grid-based solutions in VB06. On the other hand, the depletion in
the high resolution case is not as distinct as that found for the two SPH schemes in VBO6.
The density peak found near the outer edge of the gap in the high and medium resolution
RSPH runs fits well with that found by averaging over the grid-based results in VB06 for
the inviscid case.

The solutions obtained with RH2D (Kley 1989) fit well with the mean solutions found in
VBO06 for both the viscous and inviscid case. To better illustrate the differences between the
RSPH solutions and typical solutions presented in VB06, a direct comparison is presented
in Figure 16 between the high resolution RSPH solution (solid line) and the viscous (dotted
line) and inviscid (dashed line) RH2D solutions at 100 periods. The plotted quantity is
the azimuthally averaged surface density as a function of radial position. This comparison
confirms the depletion on the inside of the gap, a somewhat larger gap density caused mainly
by the strong density peak near the planet, and a density peak on the outside of the gap
which is somewhere in between the corresponding peaks in the viscous and inviscid RH2D
solutions.

5.3. Interaction of Jupiter with a polytropic disk

How the disk dynamics can change with changing thermodynamical models, in particular
in relation to self-gravitational stability, has been the focus of several studies in the last
decade (Kley 1999; Pickett et al. 2000; Boss 2002; Klahr & Kley 2006). To show how RSPH
deals with changing models, we present results from the simulation of a Jupiter-sized planet
interacting with a v = 1.4 polytropic disk. We assume the same initial density and sound
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speed profile as in the previous case. The ratio of the local sound speed to the Keplerian
velocity is still chosen to be equal to 0.05. This implies the following, radially dependent
equation of state

P =K(r)p", (21)

where K(r) = cg,o(r)/(ng_l). This equation of state means that the initial pressure in the
disk is reduced by the factor 1/4. In contrast, Kley (1999) assumed K to be a constant and
let instead the ratio of local sound speed to Keplerian velocity to vary with radius.

This model has been run with the same particle number as the high resolution run
described in the locally isothermal case. Figure 17 shows the resulting surface density profile
after 100 orbital periods. The left hand panel shows the normalized surface density on a
logarithmic scale and can be compared directly to the plots in Figure 12. Although the outer
wave pattern is very similar, the gap density is seen to be considerably smaller. The right
hand panel shows a direct comparison of the normalized density in the locally isothermal
(dashed line) and the polytropic (solid line) cases. The plot shows the density as a function
of normalized radius opposite the planet position. Apart from confirming the lower gap
density in the polytropic case, the plot also indicates that the outer density peaks have been
shifted slightly towards higher radii as a result of the change in thermodynamical model.
The reduced gap density is consistent with a lower initial thermal pressure in the disk.

5.4. Interaction of Neptune with a locally isothermal disk

The third planet-disk model simulated in this work deals with the interaction of the
smaller, Neptune-sized planet with the locally isothermal disk described in the beginning of
this section. Due to the factor 10 smaller planet mass, much smaller fluctuations in the disk
density are expected. For the same reason, the spiral arms created by the planet should be
in even better agreement with the theoretical model (Ogilvie & Lubow 2002). Once again,
direct comparisons with VB06 is possible. The left hand plot of Figure 18 visualize the
two-dimensional surface density for this case. The first thing to observe is the lack of a
clearly defined gap. In contrast, the spiral arms are clearly visible and does follow nicely the
theoretical predicitions. Not surprisingly, noise associated with the inner boundary is more
clearly visible in this case than what was the case in the two Jupiter simulations. The right
hand panel of Figure 18 showing the density as a function of normalized radius opposite
the planet position, confirms the impression formed by the left hand plot. This plot also
confirms that the RSPH results fit much better with the typical grid results presented in
VBO06 rather than the PARASPH results presented in the same study.
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6. Conclusion

We have in this paper studied the numerical dissipation in Regularized Particle Hydro-
dynamics (RSPH) simulations. The origin of the dissipation is the particle regularization
scheme which allows the underlying particle distribution to be optimized at temporal inter-
vals. In §3 we demonstrated the typical performance of RSPH on 3 basic hydrodynamical
problems. The linear wave test in §3.1 showed how waves can become damped as a result
of regularization unless the ratio of regularization period to wave period is considerably
larger than unity. On the other hand, we also showed that the magnitude of the damping
is usually small compared to the damping observed in standard SPH simulations which in-
clude artificial viscosity. The shock wave test in §3.2 confirms the impression from previous
work that RSPH represents an improvement over SPH when it comes to describing shock
waves. The last of the 3 basic hydrodynamical tests, the Kelvin-Helmholtz instability test,
illustrates how numerical dissipation added during regularization can act constructively in
improving the numerical description of multiphase flows. By smoothing the material inter-
face, the perturbations are seen to grow, even without adding extra artificial conductivity
(Price 2008).

In §4, comparisons with an analytical model of a viscously spreading ring allowed us to
estimate the quantitative dependence of the mean effective viscosity on key numerical pa-
rameters. It was shown that the time between regularizations is indeed a key parameter in
controlling both the numerical dissipation and the overall noise level. The general picture of
the numerical viscosity obtained from the somewhat restricted test of the viscously spreading
ring is qualitatively confirmed by the results from simulations of the more complex problem
of the planet-disk interaction presented in §5. In this case h/A is fixed to 1.4. The regular-
ization period is allowed to vary automatically according to a new optimization scheme (see
Appendix A). In §5.2, we studied a Jupiter-sized planet interacting with a locally isother-
mal disk. Simulations were performed at different resolution levels, where h was allowed
to vary by a factor of 2 between the low and high resolution runs. The results from the 3
simulations were compared with that of other methods (presented in VB06). From this it
was concluded that increasing the resolution not only had the effect of increasing amplitudes
and sharpening interfaces and shock fronts. It was also pointed out that the wave structures
seen within the gap in the medium and high resolution results resemble features seen in the
inviscid planet-disk results presented in VB06. In contrast, the low resolution simulation
produced a more uniform gap density, similar to the viscous planet-disk results in VBO6.
In §5.3 we explored the behaviour of the code when changing the thermodynamical model.
The reduced pressure level in the polytropic disk caused the surface density in the gap to be
reduced. We also saw in §5.4 that the RSPH method is able to handle reasonably well the
more delicate problem of a Neptune-sized planet interacting with a locally isothermal disk.
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The spiral waves are very well described, while the gap has more or less disappeared.

We have shown that regularization might be an attractive way to increase the accuracy
in SPH simulations of protoplanetary disks. However, we have also clearly documented
that this also adds numerical dissipation. The important question is therefore how do key
parameters such as regularization period, ratio of smoothing length to particle spacing,
and the smoothing length value itself affect the actual dissipation level. There are similar
problems with e.g. artificial viscosity and/or conductivity. How can we relate the physical
dissipation level to the numerical parameters? The same level of viscosity cannot be used in
the linear wave test as in the strong shock test. A common approach in this regard is to use
switching mechanisms that turn for instance artificial viscosity down when it is not needed.
In choosing an optimal regularization period, one must consider both how the numerical
dissipation might affect the total dissipation and therefore alter the physical model, but also
what upper limit of the noise level is needed in order to achieve acceptable resolution. As
long as only the regularization period is allowed to vary, these two requirements will be in
competition. However, by increasing the number of particles per characteristic length scale
for the problem at hand, both low numerical dissipation and low noise level can be achieved
at the same time.

In situations where shocks or other types of discontinuities are present in the flow field,
the characteristic length scale in the numerical representation will be proportional to the
smoothing length, h. Increasing the number of particles per characteristic length scale can
therefore only be achieved by increasing h/A, the number of particles per smoothing length.
If on the other hand the characteristic length scale of the physical problem is truly resolved
by the numerical representation, a decrease in both the numerical dissipation and numerical
noise can be achieved either by decreasing h or by increasing h/A. The main conclusion
from this work is therefore: The regularization period should be considerably higher than
the wave period of any important wave modes. In problems where a range of important
modes exist, the mode with the longer period should determine the regularization period.
If it is important to reduce the dissipation to a minimum, a relatively large h/A should
be chosen. Bear in mind though that for linear problems, h/A must be close to 1.2 to
secure stability. Alternatively, h itself can be reduced in problems which do not involve
discontinuities. In multiphase flow problems, dissipation due regularization can improve the
description. Choosing a relatively small h/A, e.g. h/A = 1.2, is therefore recommendable.

The overall goal of any numerical scheme is to produce numerical solutions with accept-
able accuracy at the lowest possible cost. In this context this often means reducing both
the numerical dissipation and the numerical noise with as large h and as small h/A as pos-
sible. The question is therefore whether modifications to the RSPH scheme can be made to



— 21 —

improve the performance of the method with regards to accuracy in relatively low Reynolds
number flow. As a continuation of this work, we would in future like to consider two possible
approaches. The first approach addresses the viscous transformation of kinetic energy into
thermal energy which in the current version of the method occurs during regularization.
Conservation of linear momentum prevents kinetic energy to be conserved when transferring
momentum from the old to the new particles. Instead of compensating the loss in kinetic
energy by an equal increase in thermal energy, one could in principle set up an artificial in-
teraction between the new particles which would preserve the momentum but would correct
the kinetic energy. The other approach we plan to investigate, is to generalize the scheme for
producing the new particle positions. So far, we have assumed that h/A is a global constant.
If h/A must be increased due to requirements of low numerical dissipation and noise, this
might be computational expensive. If, on the other hand, h/A could be increased locally
in regions where numerical dissipation is required to be small, the reduction in numerical
dissipation could be achieved at a lower computational cost. The main cost would be added
code complexity.

The authors would like to thank Prof. Wilhelm Kley for providing the RH2D data
and to Mr. Audun Bjerke for running the AUTODYN software on the strong shock test.
This work received support in part from the Research Council of Norway and the Deutsche
Forschungsgemeinschaft DFG through grant DFG Forschergruppe 759 “The Formation of
Planets: The Critical First Growth Phase”.

A. Variable regularization intervals

In the shock simulations described in §3.2 and the planet-disk simulations described in §5
we experimented with a scheme that would allow the time intervals between regularizations
to adapt automatically to the dynamics of the problem. The idea has been to design a
scheme which monitors the local particle number density, n, and activates regularization
whenever the estimate of n becomes too small or too large, or when the spread of n within
an interaction sphere becomes too large. Here we will quickly describe this scheme: First we
calculate the particle number density

Ng = Z Wab- (A1>
b#a

Note that we have omitted the contribution from the particle itself, W,,. This has been
done to get a more precise picture of how the local number density varies, especially when
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the number density drops. From n, we estimate the number of interacting neighbors as
Ny = V(hg)na, (A2)

where V'(h,) is the interaction volume (area in two dimensions). We also estimate the local
variation in neighbor number, § N, from the expression

N, — <N >,\?
N = |2t A
e L (A3)
where m
<N>=) :p—bbNbWab. (A4)

b
Regularization is invoked if, for any particle a, at least one of the following conditions hold:

N, < Nmin,Na > Nmax, (A5)
or
5Na > 5Nmax. (A6)

In the shock test described in §3.2, N, = 9.5 (corresponds roughly to h/A = 1.1),
Nmax = 308 (corresponds roughly to h/A = 5.0), and 0 Nmax = 0.4. In addition, the
maximum number of time steps allowed between consecutive regularizations is set to 128.
In the planet-disk test described in §5, the parameters chosen are Ny,j;, = 4.5 (corresponds
roughly to h/A = 0.9), Nmax = 107 (corresponds roughly to h/A = 3.0), and 0 Nmax = 0.8.
Maximum number of time steps between consecutive regularizations is set to 160. In both
cases, typical regularization periods are between 50 and 100. The conclusion so far is that
the scheme, as it is formulated here, requires considerable fine-tuning for it to provide a
really useful alternative to just using a fixed interval between regularizations.
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Table 1. Comparison of simulation size and computational efficiency

Name Size Processor Time (hr)
RH2D 128 x 384 P4 3 GHz 3.4
FLASH-AP 320 x 320 Athlon 1.8 GHz -
PENCIL 640 x 640 P4 2.4 GHz 36
SPHTREE 250.000 Opteron 1.8 GHz 10
PARASPH 350.000 Opteron 2.0 GHz 250

RSPH (LOW)  48.000  Intel Xeon 3.2 GHz 4.8
RSPH (MED)  108.000 Intel Xeon 3.2 GHz 14.3
RSPH (HIGH) 191.000  Intel Xeon 3.2 GHz 33.5

Note. — Information about the computational size (grid size
or particle number), the processor type used, and approximate
execution time for 5 selected simulations described in VB06 and
3 RSPH simulations described in the current work.
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Fig. 1.— Toy-example illustrating the process of mapping properties from one particle
distribution to the next. Here, the location of the old and new particles are indicated by the
dots and the plus signs, respectively. The left hand plot illustrates how the new particles
n1 — ng all overlap with the old particle o and therefore divide the mass, momentum, and
internal energy of the latter particle between themselves in the regularization process.

0 W‘O 2‘0 3‘0 40 0 W‘O 2‘0 3‘0 40
x/ 1 x/ 1
Fig. 2— Numerical diffusion due to regularization in a force-free, one-dimensional problem
where the ratio T,.,v4/A in simulations a, b, ¢, and d is equal to 0.01, 0.1, 0.5, and 1.0,
respectively.
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Fig. 3.— Estimated damping rate () in the linear wave test as a function of wave length.
The solid lines represent runs where regularization has been performed (r is the ratio of
regularization period to wave period), the dotted lines represent runs where artificial viscosity
but no regularization is applied (« is the primary viscosity parameter). Finally, the dashed
line represents results using the RH2D grid code.
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FCT solutions, respectively.
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Fig. 6.— Time evolution of the surface density distribution of the viscous ring, measured in
viscous time 7*.
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Fig. 7.— Dependence of the RSPH simulation results on the number of regularizations.
Plotted is the azimuthally averaged surface density (solid line) with maximum and minimum
noise level (dotted lines) compared with the analytic solution at viscous time 7% = 0.090
(dashed line) and a fit of the analytic solution at the effective viscous time measured (dashed-
dotted line). The parameter ¢, is varied from 1 to 32 for fixed h/A = 1.6 and h = 0.02 (in
units of Ry).
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Fig. 8.— Dependence of the RSPH simulation results on the number of particles per smooth-
ing length. Plotted is the azimuthally averaged surface density (solid line) with maximum
and minimum noise level (dotted lines) compared with the analytic solution at viscous time
7" = 0.090 (dashed line) and a fit of the analytic solution at the effective viscous time mea-
sured (dashed-dotted line). The parameter h/A is varied from 1.0 to 2.0 for fixed ¢, = 4 and
h = 0.02 (in units of Ry).



—32 -

0.7 0.7
a) h=0015 —— b) h=0.020 ——
0.6 " 0.6 "
analytic solution - analytic solution -
. 05 noise limits . 05 noise limits
< it - < it -
o 04 o 04
= o3 - = o3
W 7N W
0.2 0.2
0.1 7 0.1
0 0
0 0.5 1 15 2 0 0.5 1 15 2
R[Rql R[Rql
0.7 0.7
o) h=0025 — d) h=0030 —
0.6 " 0.6 "
analytic solution - analytic solution -
. 05 noise limits . 05 noise limits
< fit - <G fit -
o 04 o 04
= 03 = 03
" o2 " o2
0.1 0.1
0 0
0 2 0 0.5 1 15 2
R[Rql R[Rql
0.7 0.7
0.6 e) h=0.035 —— 0.6 f) h=0.040 —
analytic solution - analytic solution -
. 05 noise limits . 05 noise limits
o o
o« o«
Z Z
W W

R [Rol R [Rol

Fig. 9.— Dependence of the RSPH simulation results on the smoothing length. Plotted
is the azimuthally averaged surface density (solid line) with maximum and minimum noise
level (dotted lines) compared with the analytic solution at viscous time 7% = 0.090 (dashed
line) and a fit of the analytic solution at the effective viscous time measured (dashed-dotted
line). The parameter h is varied from 0.015 to 0.04 (in units of Ry) for fixed ¢, = 4 and
h/A = 1.6.
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Fig. 10.— Measured effective viscosity v.g depending on the length of the regularization
cycle ¢, (upper panel), on the number of particles per smoothing length A/A (middle panel),
and on the maximum smoothing length i (lower panel).
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Fig. 11.— Relative error due to noise depending on the length of the regularization cycle ¢,
(upper panel), on the number of particles per smoothing length A/A (middle panel), and on
the maximum smoothing length A (lower panel).
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Fig. 12.— Surface density in logarithmic scale after 100 orbital periods for the low (a),
medium (b), and high (¢) resolution simulations of a Jupiter-sized planet interacting with a
locally isothermal disk. The density scale ranges between —1.7 < log(3/%) < 1.0.
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Fig. 13.— Surface density profiles as a function of normalized radius opposite to the planet
position (¢ = m) after 100 orbital periods in the case of the Jupiter-sized planet interacting
with a locally isothermal disk. The solid, dashed, and dotted lines represent the high,
medium, and low resolution results, respectively.
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Fig. 14.— Surface density profiles as a function of the azimuthal position at the radius of the
planet orbit after 100 orbital periods in the case of the Jupiter-sized planet interacting with
a locally isothermal disk. The solid, dashed, and dotted lines represent the high, medium,
and low resolution results, respectively.
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Fig. 15.— Azimuthally averaged, normalized surface density as a function of radial position
after 100 orbital periods in the case of the Jupiter-sized planet interacting with a locally
isothermal disk. The solid, dashed, and dotted lines represent the high, medium, and low
resolution results, respectively.
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Fig. 16.— Comparison between the high resolution RSPH solution (solid line) and the
viscous (dotted line) and inviscid (dashed line) solutions obtained with the cylindrical grid
code RH2D (Kley 1989). The compared quantity is the azimuthally averaged, normalized
surface density as a function of radial position after 100 orbital periods in the case of the
Jupiter-sized planet interacting with a locally isothermal disk.



¢/

— 40 —

0.5 1.0 1.5 2.0 2.5

r/c.l

r/ul

Fig. 17— Left panel shows surface density in logarithmic scale (—1.7 < log(X/%y) < 1.0)
after 100 orbital periods for the case of a Jupiter-sized planet interacting with a polytropic
disk. Right panel shows a comparison between the normalized surface density profiles from
the high resolution locally isothermal (dashed line) and the polytropic (solid line) runs plotted
as a function of normalized radius opposite to the planet position (¢ = 7) after 100 orbital

periods .
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Fig. 18.— Left panel shows surface density in logarithmic scale (—0.4 < log(3/%g) < 0.3)
after 100 orbital periods for the case of a Neptune-sized planet interacting with a locally
isothermal disk. Right panel shows normalized density profile as a function of normalized

radius opposite to the planet position (¢ = ) after 100 orbital periods .



