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Linearized Theory |

Weak gravitational fields can be represented by a slightly deformed Minkowski
spacetime :
Buv = Muw + huw + O(hu ), |hu| < 1 (1)

here h,, is a small metric perturbation.

The indices will be raised and lowered by 7, i.e.

haﬁ _ T]a,u,,]/iy hp,y (2)
h = 7]#Vh/u/ (3)
g = K (why?) (*)

and we will define the traceless (¢, ) tensor:

‘ 1
Quv = h;uz - 57];:,1//7 (5)
for which we get ¢ = n*"¢,, = h—2h= —h and
1
huw = Qv — 577;“/(1)- (6)



Linearized Theory Il

The Christoffel symbols & the Ricci tensor will become :

1
ri\w ~ Enkp (hﬁl/,}L iy h,u,p,u - hp,u,p) (7)
a 1 o o o a
Ry = 2 (h pwp T h;wp — hup, —h V,pu) (8)
« oY 1 fe% (e e a
R;z,y ~ r pr,oe T r Mo, v ~ 5 (h v, e + h Hvoe T h,u,u,a - h 0,;1,1/)(9)
R = 1"Ru = hap™” — h3} (10)

Finally, Einstein tensor gets the form:

[y

G — ®  h® ) = M (hap®® — B25) (1)

v 5 (hal/,,ua < ha,u,ua - h,u,r/,cx

Einstein’s equations reduce to (how?):

_(z);ul’(;u - nuuﬁz&aﬁ’aﬁ + Qs,u,a’,;a + (Zsya?;lta = K/TNV (12)



Linearized Theory IlI

Then by using the so called Hilbert (or Lorenz or Harmonic or De Donder)
gauge similar to Lorenz gauge (A% o = Ay’® =0) in EM !

¢ = Pua =0 (13)
we come to the following equation:

, o _ 1 82 2
(z);w,d =Upuw = — 292 Vo ouw = —KT (14)

which is a simple wave equations describing ripples of spacetime propagating
with the speed of light (why?). 2

These ripples are called gravitational waves.

1The De Donder gauge is defined in a curved background asd,(g"”/—g) = 0.
2Equations (13) and (14) together imply for consistency that 9" T,,,, = 0, which is
the conservation of energy-momentum in the linearized theory. In the full theory the
partial derivative should be replaced by the covariant.



GW: about Gauge conditions (*

General Relativity is invariant under the group of all possible coordinate
transformations x* — x’*(x) where x"* is and arbitrary function of x*.

Under this transformations (which should be invertible and differentiable) the
metric transforms as

ax" ox*
Bur = gl (x) = po g (%), (1)

This is usually referred as the gauge symmetry of GR.

When we make the assumption (1) we practically fix the coordinate system and
we assume that the approximation is valid in an extended region of the space.
Still a gauge symmetry remains and by careful choice of coordinates the
linearized Einstein equations can be simplified.

We can fix 1., = diag(—1,1,1,1) and make small changes in the coordinates
that leave 7., unchanged but induce small changes in h,. .



GW: about Gauge conditions (*) ii

For example lets consider a change of the form:
X = x4 €4(x) (16)

where £ are 4 small arbitrary functions of the same order as h*"”.

Then e .
X e m X ep m
e 0", + 0,8"  and o = oy — 0LE (17)
Thus, the metric transforms as:
oxP Ox° , o o
8w = Dxh o 8 = (08 — 8.E7) (67 — BuE7) (Mpo + hoo)

Q

np,u + huu - Ougu - aufp. — 77;“/ + h:u/ (18)

Then in the new coordinate system we get

h:“/ = huu - (E,u,u ol Eu,p.) (19)

This transformation is called gauge transformation.



GW: about Gauge conditions (*) iii
This is analogous to the gauge transformation in Electromagnetism (A* , = 0).

That is, if A, is a solution of the EM field equations then another solution that
describes precisely the same physical situation is given by

A= Au — Y (20)
where 1 is any scalar field.

Then the gauge condition A* ;, = A,’* = 0 means that
Oy = A, = f(x). (21)

where (Y = o, = 1 ,0F.
Then by solving the equation (¢ = f(x) we get the appropriate scalar function

.



GW: about Gauge conditions (*) iv

From (19) it is clear that if h,, is a solution to the linearised field equations
then the same physical situation is also described by

hp‘y = F’y‘y - (E;L.V + é‘u.,u) (22)
and
d)#z/ — hul/ o %T]W’h
T uv N2 v, 1 v (T o
= BV (e ey - o0 (h-2¢7 )
= P (e e ,)
= G —_=m (23)
NOTE

e This is a gauge transformation and not a coordinate one
e We are still working on the same set of coordinates x* and have defined a
new tensor h,, whose components in this basis are given by (22) or (23).



GW: about Gauge conditions (*) v

We can easily see that from (19) or (23) we can get
or, = — 2, = ¢t — 0 (24)
Therefore, if we assume that initially h** obeys ¢~>“f; = f#(x) we can choose
the function &" so that to satisfy
0" = £(x) (25)
Then we can get the Hilbert gauge

., =0 (26)

NOTE:
e This gauge condition is preserved by any further gauge transformation of

the form (22) provided that the functions £ satisfy [J¢* = 0 or equivalently
E‘L“/_,, —=0. 3
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GW: about Gauge conditions (*) vi

e The choice of the Hilbert gauge ¢"” , = 0, gives 4 conditions that reduce
the 10 independent components of the symmetric tensor hy, to 6!

e Eqn (23) tells us that, from the 6 independent components of ¢, which
satisfy [J¢,., = 0, we can subtract the functions =,,,, which depend on 4
independent arbitrary functions ¢, satisfying the same equation

O¢* = 0. (29)

This implies also that [J=,,, = 0 (how?) since in the flat spacetime
d'Alembertian [0 commutes with 0.

e This means that from the 6 independent components of ¢, satisfying
the equation O¢,, = 0 we can subtract the functions =,,, which depend
on 4 independent arbitrary functions &,,, and which satisfy the same
equation i.e., eqn (29).

This means that we can choose the functions &, so as to impose 4
conditions on hy, .

11



: about Gauge conditions (*) vii

e We can choose £° such that the trace ¢", = ¢ =0 (TRACELESS). Note
that if ¢ =0 then ¢, = huo.

e The 3 functions & can be chosen so that ¢% = 0.

e Since ¢, = hy, the Hilbert condition ¢,,°" = 0 for y = 0 will be written

G0 + o' =0 or hoo® + ho' =0. (30)

But since we fixed qui =0 we get ¢og’° =0, i.e. ¢oo = hoo is a constant in
time.

e A time-independent part term ¢g corresponds to the static part of the
gravitational interactions i.e. to the Newtonian potential of the source.

e The GW itself is the time-dependent part and therefore as far as the GW
concerns hoo® = 0 means hg = 0.

12



GW: about Gauge conditions (*) viii

In conclusion, we set
=0, H;=0, H,;=0 (31)
This defines the transverse-traceless gauge or TT gauge.

By imposing the Lorenz gauge, we have reduced the 10 degrees of freedom of
the symmetric matrix h,, to 6 degrees of freedom, and the residual gauge
freedom, associated with the functions £* satisfying eqn (29) has further

reduced these to just 2 degrees of freedom.

3SNOTE: Equation (25) always admits a solution, because the d’'Alembertian operator
is invertible. If G(x) is the Green's function of the d’Alembertian operator so that

OxG(x —y) = 64(x —y) (27)

then the corresponding solution is:

§“(X):/ G(x — y)f*(y)d*x (28)
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GW: Properties

e Equation (14) is the basis for computing the generation of GWs within the
linearised theory.

e To study the propagation of GWs as well as the interaction with test masses
(and therefore the GW detector) we are interested for the equations outside the

source, i.e. where T,, = 0.

e GWs are periodic changes of spacetime curvature and for weak gravitational
fields far away from sources they described by a simple wave equations which
admits a solution of the form:

¢/L1/ - A/;,u cos (k(yxn) 5 (32)

where A, is a symmetric tensor called polarization tensor including
information of the amplitude and the polarization properties of the GWs.

k* = (k® = w/c, k) is the wave-vector.

For a single plane wave with given wave-vector k“ (fi = k/|k|), from eqn (31)
we see that the non-zero components of hj; are in a plane transverse to fi since

the condition h;¥ = 0 becomes n'h; = 0.

14



This solution (32) satisfies Hilbert's gauge condition, that is:
0=¢u" = —A.k"sin(kax®)
which lead to the orthogonality condition
Ak’ =0. (33)
explains the definition of TRANSVERSE gauge.
From the wave equation (14) we get
0=u'" , = —Auwkka cos (kax®) = k%ka =0. (34)

This relation suggests that the wave vector k* is null i.e. gravitational waves
are propagating with the speed of light. But, (34) implies that w? = c¢?|k|? i.e.
both group and phase velocity of GWs are equal to the speed of light.

Ow
Vgroup = ﬁ and Vphase =—

% (35)

~l>
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GW: The Transverse - Traceless (TT) Gauge i

Based on the gauge freedom which allows to choose £* we derived the
following relations
=0, H;=0, h,;=0 (36)

which define the so-called Transverse - Traceless (TT) Gauge.

Then for a GW propagating in the z direction i.e. it has a wave vector of the
form k, = (w/c,0,0,—w/c) where kg = w/c is the frequency of the wave that:

0 0 0 0
h h
W = 8 A 8 sl — )] (37)
X
0 O 0 0

While hy and hy, are the amplitudes of the gravitational waves in the two

polarizations.

16



GW: The Transverse - Traceless (TT) Gauge ii

The GWs described in this specific gauge are Transverse and Traceless, and we
will use the notation hﬁ,,l

The line element will be written as (where ¢ = w(t — z/c)):

ds® = —cdt® +[1+ hy cos(p)] dx® 4 [1 — hy cos(i)] dy®
+ 2hy cos(p)dxdy (38)

17



GW: Effects on particles

e A static or slowly moving particle has velocity vector u* =~ (1,0,0,0) and
one can assume that 7 = t. Then in linearized gravity the geodesic equation

will be written as:

du* 1 o
= =% (h;m,ﬂ + hgpa — hap,u) u u”

ar 5 (39)

leading to
du” 1
(;lt - = (h;LOﬁO - EhOO,u,) . (40)

If we now use the T-T gauge (hoo = huo = 0) we conclude that GWs do not

affect isolated particles (at linear oder)!

e If instead we consider a pair of test particles on the cartesian axis Ox being
at distances xg and —xp from the origin and we assume a GW traveling in the
z-direction then their distance will be given by the relation:

drr = guvdxtdx” = ...
—gll(dx)2 =(1- h11)(2xo)2 = (1 — h; coswt) (2xo)2 (41)

or approximatelly

Al =~ (1 — lh+ coswt) (2x0) - (42)
2 18



GW: Effects...

In a similar way we can show for two particles on the Oy axis that:

1
Al =~ (1 + §h+ coswt) (2y0) - (43)
In other wards the coordinate distance of two particles is varying periodically

with the time

Figure 1: The effect of a travelling GW on a ring of particles
19



GW: Effects...

Figure 2: The effect of a travelling GW on a ring of particles




Geodesic deviation (*) i

In a curved spacetime two geodesics that can be “parallel” initially will either
converge or diverge depending on the local curvature. Consider two
neighbouring geodesics G given by x*(o) and G given by X*(c’) where o is an
affine parameter. If £*(o) is a small vector connecting points of the two

geodesics for the same values of ¢ i.e.
%%(0) = x"(0) +£%(0) (44)

If we construct local geodesic coordinates about the point P, the Christoffel
symbols will vanish but its derivatives will be non-zero there.

In this coordinate system we will get

d?x d?x dx* dx¥
=0 re,.,.— =0 45
<d0'2 )P ’ ( do? T do dO’)Q )

21



Geodesic deviation (*) ii

(o)

Figure 3: (Left) Two neighbouring geodesics. (Right) Converging geodesics on the surface of a sphere.

But since £“ is small:
M wle = M ulp + M uwnlp € = Ml € (46)
by subtracting the two equations in (45) we get (to 1st order, at P):

d’e> . dx"dx”
do? 1 do do @ =0 (47)

22



Geodesic deviation (*)

However, in our geodesic coordinates the 2nd order absolute (intrinsic)
derivative of £ at Pis : *

D2£ ( dE(x
Do2  do \ do

a J _dY e dx” .
+r ;wﬁ“ ):Ti+r ,u,u)\ x 75‘ (49)

where we have used the fact that '}, (P) = 0.
By combining the last two equations we get:

D¢ dx* dx*
rﬁ v v, S
Do? M, N3 do do

(50)

which will give
D¢~ R™ dxt dx”
DO’2 + ,LLVA% e
because the term in the square brackets is the Riemann tensor in local geodesic

v =0 (51)

coordinates. This is the equation of geodesic deviation.

e This is a tensor relation and is hence valid in any coordinate system.

23



Geodesic deviation (*) iv

e Equation (51) allows us to compute the rates of convergence or divergence
of neighbouring geodesics for Riemannian spaces of arbitrary complexity.

e In a flat region R” 35 = 0 the geodesic deviation reduces to d*¢*/do® =0
which implies that £% (o) = A% + B® where A% and B® are constants.

4If we want to find the rate of change of a vector A* along a curve, we must
calculate dA* /dT. However, this is not a good measure of how much A* is really
changing, since part, or maybe all , of the contribution to dA* /d7 could be due to the
curvilinear coordinates used to define the components A*. Also, dA*/dt is not a
vector (for the same reason that JA* /9x" is not a tensor).

A better measure of the rate of change of A along the curve is the vector quantity

DA dx?  dA¥ dx?
=AM = — 4 TH gAY —. 48
Dr Wgr T dr T et (48)

This is a vector, because is the product of the tensor A*., and the vector dx” /dt.
The quantity DA* /D7 is called the derivative along the curve, or the absolute
derivative.

NOTE : In local geodesic coordinates (', 3 = 0) the derivative DA* /D7 reduces to

the ordinary derivative dA* /dr.

24



Tidal forces in Newtonian theory

Tidal forces deform the shape of bodies as they freely move in a grav. field.

Thus two nearby particles with trajectories x'(t) and %'(t) (in Cartesian
coordinates) will be separated by a vector ¢ = x' — X'

d ’® j ;
Té - <0Xiaxj> ¢ ==& (why?) (52)

where ® is the Newtonian gravitational potential and &; the tidal field tensor.
The relative or tidal acceleration between two freely falling particles will be:

Aa; = —&;¢ (53)

\ sphere
o/ of particles

Figure 4: Tidal effects on a cloud of particles %



Tidal forces in a curved spacetime

Tidal effects can be also estimated in GR for two particles moving along
timelike geodesics x*(7) and X*(7) (7 is the proper time of the 1st particle).

The separation vector between the worldlines of the 2 particles is
&H(7) = %" — x* and thus based on (50) we get:
D¢+
D72

=RVypuufe = S* €0 (54)

where S*, is the so called tidal stress tensor and u” = d¢7/dr.

NOTE: This is a fully covariant tensor equation and holds in any coordinate
system.

CONCLUSION: The tidal field, is a measure of the spacetime curvature.

26



GW: Tidal forces i

Riemann tensor is a "measure” of spacetime’s curvature and in linearized

gravity gets the form
1
R,»c)\p,u = 5 (aunh)\,u, e a)\p.hnu - aKMhAII - a)\uhnu) ) (55)

in the T-T gauge the Riemann tensor is considerably simplified (how?)

10%  rr
“22 M

D
RjOkO =

for j,k=1,2,3. (56)

Actually, the Newtonian limit of the Riemann tensor is (how?):

P

RIT
ok0 X S o
) OxiOxk’

(57)

where ® is the Newtonian potential.

In other words the Riemann tensor has also a pure physical meaning i.e. it is a
measure of the tidal gravitational acceleration.

27



GW: Tidal forces ii

Then the distance between two nearby particles x*(7) will x*(7) 4+ £*(7) will
be described by

d?¢- k TT ;

dt2 ~ —R 0j0 fj. (58)

The tidal force acting on a particle is (why?)

K o maPh
f“~-mR 0j0£ ~ 5 di2 5 (59)

where m is particle’s mass. This means that
fX ~ mh 2 53 Y~ m 2 y
~ 5 hew cosfw(t — z)]&, and 7= —Emw cos[w(t — z)[&.  (60)
or< ot
— =0. 61
& 0 )

Hence the divergence of the force f is zero, which tell us that the tidal force

vf =

can be represented graphically by field lines.

28



GW: Tidal forces

Figure 5: The tidal field lines of force for a gravitational wave with polarization (+) (left panel)
and (x) (right panel). The orientation of the field lines changes every half period producing the
deformations as seen in Figure 1. Any point accelerates in the directions of the arrows, and the
denser are the lines, the strongest is the acceleration. Since the acceleration is proportional to the
distance from the center of mass, the force lines get denser as one moves away from the origin.
For the polarization (x) the force lines undergo a 45° rotation.

29



GW: Properties i

e  GWs, once they are generated, propagate almost unimpeded. Indeed, they
are even harder to stop than neutrinos! The only significant change they suffer
as they propagate is the decrease in amplitude while they travel away from

their source, and the redshift they feel (cosmological, gravitational or Doppler).

e EM waves are fundamentally different, however, even though they share
similar wave properties away from the source.

e  GWs are emitted by coherent bulk motions of matter (for example, by the
implosion of the core of a star during a supernova explosion) or by coherent
oscillations of spacetime curvature, and thus they serve as a probe of such
phenomena.

By contrast,

e Cosmic EM waves are mainly the result of incoherent radiation by
individual atoms or charged particles.

30



GW: Properties

*  As a consequence, from the cosmic electromagnetic radiation we mainly
learn about the form of matter in various regions of the universe, especially
about its temperature and density, or about the existence of magnetic fields.

e Strong GWs are emitted from regions of spacetime where gravity is very
strong and the velocities of the bulk motions of matter are near the speed of
light.

Since most of the time these areas are either surrounded by thick layers of
matter that absorb EM radiation or they do not emit any at all (black holes),
the only way to study these regions of the universe is via GWs.

31



GW: The energy of GWs i

The fact that GWs carry energy and momentum is already clear from the

discussion on the interaction with test masses.

To get an explicit expression of the energy-momentum tensor of GWs we can
follow two different routes one more geometrical and the other more

field-theoretical

A. According to GR, any form of energy contributes to the curvature of
space-time, thus we can ask "whether GWs are themselves a source of

space-time curvature”.

B. We can treat linearised gravity as any other classical field theory and
apply Noether's theorem, the standard field-theoretical tool that answers

this question.
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GW: The energy of GWs ii

In order to include the contribution of the energy-momentum associated with
the gravitational field itself one must modify the linearised Einstein's equations

to read 81 C
s
G = = (T + o) (62)
where Gftll,) is the linearized Einstein tensor, T, is the energy-momentum
tensor of any matter present and 7., is the energy-momentum tensor of the

gravitational field itself.

On the other hand Einstein’s equations may expand beyond first order to obtain

87 G
—a Tuv (63)

G = GH + G+ =
This suggest that, to a good approximation, we should make the identification

4
Tow = —— G2

% v (64)
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The terms in the Einstein tensor that are 2nd-order in h,, are given by

2 2 2 1 1 o (1

G;(w) = R;(MB - Eme( ) — Ehl“/R( ) + Enwhp Rf(w) (65)
e It should be noted that 7. is covariant under global Lorentz
transformations, but not under general coordinate transformations. It is may be
shown that it is not invariant under the gauge transformations given by eqn

(19).

e Actually, 7, is not a tensor but a pseudo-tensor and its is known as the
Landau-Lifschitz pseudotensor.

e The stress-energy carried by GWs cannot be localized within a wavelength
(since one can always transform to a free-falling frame in which the
gravitational effects disappear). Instead, one can say that a certain amount of
stress-energy is contained in a region of the space which extends over several
wavelengths.
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GW: The energy of GWs iv

e This suggests that at each point in the spacetime, one should average Gﬁ?
over a small region in order to probe the physical curvature of the spacetime,
which gives a gauge-invariant measure of the gravitational field. Thus we may
replace (64) with

©
77“’ = 87TG <Gl(12V)> ° (66)

The energy-momentum tensor can be written as (HOW?):
7 1 af,p 87 NN g af,o 1 N
T = Z 2¢ ¢aﬁ - d) ¢ -n ¢ ¢a5,a - Ed),a(z) (67)

which in the TT gauge of the linearized theory becomes (HOW?)

4
T = 55 (0uhi7) (uh]T)). (68)

where the angular brackets indicate averaging over several wavelengths.
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GW: The energy of GWs v

For the special case of a plane wave propagating in the z direction, the
energy-momentum tensor has only 3 non-zero components, which take the
simple form (HOW?)

T T _ 1 &

RMpB o pd
2 c 32167 (h++hx)’ (69)

GW
Too =

where 75" is the energy density, 7.5" is the momentum flux and 75" the
energy flow along the z direction per unit area and unit time .
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