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Ringdown phase: 
resonant frequencies and 

exponential damping

Quasinormal modes

General Relativity:  spectrum depends on the mass, angular 
momentum, electric charge and matter composition

Alternative theories: it may depend also on the 
parameters of the theory // extra charges (scalar fields)
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Why modified gravity?

- Dark energy and dark matter
- Quantum gravity

Compatible with experimental tests and theoretical requirements

- Horndeski gravity
- Scalar-tensor theory
- f(R)
- …

Einstein theory expected to break down 
at high energies / strong gravity regimes:

Black holes, neutron stars

+Exotic objects (wormholes, boson stars, cosmic strings...)
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Neutron stars:

Matter properties 
not well understood 

at the central 
regions

(Equations of State)

“Competition” 
between the gravity 

theories and the 
matter models in the 

astrophysical 
properties

1. Introduction



11

 

R2 gravity

Jordan Frame:

Einstein Frame:

1. Introduction
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1. Introduction

R2 gravity

Jordan Frame:

Einstein Frame:
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2. Perturbation theory and quasinormal modes



142. Perturbation theory and quasinormal modes

Einstein equations:

Stress-energy tensor of 
the scalar

Stress-energy tensor of 
the perfect fluid

Equation of state 
(in the Jordan frame)

Scalar field equation:
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Static and spherically symmetric configurations:

2. Perturbation theory and quasinormal modes
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Origin:

Surface:

Infinity:

2. Perturbation theory and quasinormal modes
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Scalarized neutron 
stars with realistic 
equations of state

Yazadjiev et al. 
JCAP 1406 (2014) 003

Massive scalar field

Näf, Jetzer
PRD81 104003 (2010)

2. Perturbation theory and quasinormal modes
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Non-radial perturbations of the static configuration:

The perturbation depends in principle on all the coordinates (t,r,θ,φ)  

Simplification:
- Expansion of the angular dependence in tensor harmonics (l,m)

Decoupling into axial
   
   polar

- Harmonic time dependence (complex frequencies: ω=ω
R
+iω

I
)

2. Perturbation theory and quasinormal modes
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Ansatz for axial perturbations:

Axial perturbations do not couple to scalar or matter perturbations

Master equation:

2. Perturbation theory and quasinormal modes
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Ansatz for polar perturbations:

Metric

Matter

Scalar 

2. Perturbation theory and quasinormal modes
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Minimal system of differential equations:

Defining the “X” auxiliary function [Lindblom, Detweiler (1983)]
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When r → ∞ , we recover the Zerilli equation: 

2. Perturbation theory and quasinormal modes
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When r → ∞ , scalar perturbations decouple from space-time 
perturbations:

2. Perturbation theory and quasinormal modes
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Numerical implementation:

2. Perturbation theory and quasinormal modes
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Numerical implementation:

2. Perturbation theory and quasinormal modes

Outgoing wave
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Numerical implementation:

2. Perturbation theory and quasinormal modes
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Numerical implementation:
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372. Perturbation theory and quasinormal modes

Families of modes:

Axial perturbations: 

Gravity-led modes (w-modes)

Polar perturbations: 

Gravity-led modes (w-modes)

Fluid modes

Scalar-led modes



38

3. Axial modes: l=2
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3. Axial modes: l=2

R2 gravity

Scalarized neutron 
stars with realistic 
equations of state

PRD97 (2018) 104002  
[arXiv:1803.01655]

Fundamental l=2 
axial mode
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3. Axial modes: l=2
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4. Polar modes: l=0,1,2
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4. Polar modes: l=0,1,2

GR: normal modes

No monopolar radiation

R2: ultra long lived 
modes

Scalar field radiates 
spherically while 

coupled to space-time

 (>104 yr)

Zero mode 
for max mass

Radial fundamental mode (l=0 F-mode)
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4. Polar modes: l=0,1,2

L
Φ
 < 2R

s
:   

 
Pressure-led modes scale with the size of star 
•  Scalar-led modes scale with the Compton wavelength of scalar

L
Φ
 > 2R

s
:

     
Both pressure and scalar-led modes scale with the Compton wavelength

Pressure-led modes are ultra long-lived, scalar-led modes short-lived

Radial modes (l=0 F-mode, H
n
-modes and fundamental Ф-mode)
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4. Polar modes: l=0,1,2

Dipole modes (l=1 F-mode)

Dipole modes are stable (no zero mode). 

Preliminary results

Preliminary results
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4. Polar modes: l=0,1,2

Typical variations 
within 10% of the GR 

value

The scalar hair 
decreases the 

frequency and the 
damping time

Frequency presents 
slight differences with 

respect Cowling 
approximation
[Staykov et al. 

PRD92 (2015) 043009]

Quadrupole fundamental mode (l=2 f-mode)

Sly EOS
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4. Polar modes: l=0,1,2

Quadrupole fundamental mode (l=2 f-mode)

Sly EOS
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4. Polar modes: l=0,1,2

Quadrupole fundamental mode (l=2 Ф-mode)

New family of modes: Scalar-led modes

(GR: QNMs of a minimally coupled test scalar field)

Sly EOS
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5. Universal Relations
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5. Universal relations

Universal relations for l=2 axial modes
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5. Universal relations

l=1 F-mode (GR)
(Lindblom, L. & Splinter, R. J. 1989, Astrophys. J. 345 (1989), 925)

In the Newtonian limit, for the n=3/2 polytrope: ω=2.9696ω
0

(Hurley, Roberts, Wright, ApJ 143, 535, 1966)

Preliminary results



54

 

5. Universal relations

Universal relations for l=1 F-mode

Important EoS dependence
>10% 

Preliminary results

Preliminary results
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5. Universal relations

Universal relations for l=2 f-mode

Effective compactness

Preliminary results

Preliminary results
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6. Conclusions and Outlook
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First steps in the calculation of QNM spectrum of neutron stars in 
alternative theories of gravity

- Universal relations can help disentangle the effects on the star 
properties coming from modifying gravity and different nuclear matter 
models. 

Following GR, (almost)-universal relations for space-time modes and 
l=2 f-modes can be constructed in R2. 

EOS dependence is more important in the F-modes (l=0,1).
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Full polar QNM of neutron stars in R2  gravity

- Enriched spectrum by the scalar degree of freedom (Ф-modes)

- New type of modes: ultra long lived modes 

Radial normal modes of GR turn into propagating QNMs in R2  gravity

Frequency determined by size of star or Compton wavelength 

Very long damping times (>104 yr)

Work in progress: Rotating neutron stars (r-modes)

Modified theories with scalar-Gauss-Bonnet terms.
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Thank you very much for your attention!

Universal relations for QNMs in R2: [to appear soon] 
NS QNMs in R2 : [2107.06726] [2001.09117] [1804.04060]

In other theories: [1902.01277] [1810.09432] [1807.02598] [1803.01655]
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