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Neutron Stars: Why?

• Neutron Star are stellar remnants resulting from the gravitational collapse
of a massive star during supernova event.

• Neutron stars are the densest and tiniest stars known to exist in the
universe

• Neutron stars are the end points of stellar evolution of massive stars
whose corpse is not large enough to become a black hole

• Predicted 1931

• Discovered 1967

• Known 2500+

• Mass 1.3 - 2M�

• Radius 8-14 Km

• Density 1015gr/cm3

• Spin < 716 Hz

• In our Galaxy ≈ 100,000,000
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The Remarkable Properties of Neutron Stars

• Protons and electrons essentially
“melting” into each other to form
neutrons and more...

• Astounding density: all humanity can be
squashed down to a sugar-sized piece of
neutron star

• The pressures at the core of neutron stars
may be like those that existed at the time
of the big bang, but these states cannot
be simulated on Earth.

• Most extreme magnetic fields known in
the universe up to 1016 the strength of
EarthÕs magnetic field

• They can spin as fast as 716 times per
second

• Gravity on a neutron star is 2,000,000,000
times stronger than gravity on Earth.

A GIANT NUCLEI !! A
neutron star has some of the
properties of an atomic
nucleus, including density and
being composed of nucleons.
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Neutron Stars: History

• Within two years after the discovery of neutron, Landau in 1932 had
raised the possibility of neutron stars 2

• Walter Baade and Fritz Zwicky from CalTech in 1934 conjectured that
such objects would form in supernova explosions 3

• They were not discovered until over 30 years later.
• Pulsars are a special category of spinning neutron stars, discovered in

1967 by Jocelyn Bell, an astronomy graduate student working with Prof.
Antony Hewish at Cambridge. Pulsars derive their name from ”pulsating
radio sources” because they were first observed at radio wave frequencies.
Hewish won the 1974 Nobel Prize in Physics along with Sir Martin Ryle
for their ”pioneering discoveries in radio astrophysics.” Hewish was cited
for his ”decisive role in the discovery of pulsars.”

• Thomas Gold and Franco Pacini in 1968 (independently) were the first
to suggest that pulsars were rotating neutron stars. This suggestion
proved soon to be try by the discovery of a pulsar with a very short
(33-millisecond) pulse period in the Crab nebula.

2Landau, L. D. 1932, Phys. Zs. Sowjet., vol.1, p.285, 1932 (English and German), 1, 285
3Baade, W., & Zwicky, F. 1934, Proceedings of the National Academy of Science, 20, 259 6



Neutron Stars: Supernovae

A supernova explosion is usually associated with the formation of black holes
and neutron stars.

• Young stars are hydrogen, and the nuclear
reaction converts hydrogen to helium with
energy left over. The left over energy is
the star’s radiation–heat and light.

• Fusion balances gravity

• When most of the hydrogen has been
converted to helium, a new nuclear
reaction begins that converts the helium
to carbon, with the left over energy
released as radiation.
H → He → C → O → Si → Fe

• This process continues converting the
carbon to oxygen to silicon to iron.
Nuclear fusion stops at iron.

Figure 1: Supernova 1604, also known as
Kepler’s Supernova, was a supernova that occurred in
the Milky Way, in the constellation Ophiuchus. It is
the most recent supernova to have been
unquestionably observed by the naked eye in our own
galaxy, occurring no farther than 6 kpc from Earth.
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Neutron Stars: Supernovae

• A very old star has layers of different
elements. The outer layers of hydrogen,
helium, carbon, and silicon are still
burning around the iron core, building it
up.

• Eventually, the massive iron core
succumbs to gravity and it collapses to
form a NS. The outer layers of the star
fall in and bounce off the neutron core
which creates a shock wave that blows the
outer layer outward.

• This is the supernova explosion.
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Neutron Stars: Supernovae (sequence of events)

• Within about 0.1 sec, the core collapses.
• After about 0.5 sec, the collapsing envelope interacts with the outward

shock. Neutrinos are emitted.
• Within 2 hours, the envelope of the star is explosively ejected. When the

photons reach the surface of the star, it brightens by 8 orders of mag.
• Over a period of months, the expanding remnant emits X-rays, visible

light and radio waves in a decreasing fashion.
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Neutron Stars: Modelling

• Stars more massive than ∼ 8M� end in core collapse ( 90% are stars
with masses ∼ 8 − 20M� ).

• Most of the material is ejected
• If M > 20M� more than 10 % falls back and pushes the PNS above

the maximum NS mass leading to the formation of BHs (type II
collapsars).

• If M > 40M� no supernova is launched and the star collapses to
form a BH (type I collapsars)

• Formation rate: 1-2 per century / galaxy
• 5-40% of them produce BHs through the fall back material
• Limited knowledge of the rotation rate! Initial periods probably

< 20ms.
Maybe about 10% of pulsars are born spinning with millisecond
periods.
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Neutron Stars: A Laboratory for Theoretical Physics

• A neutron star is the collapsed core of a massive star left behind after a
supernova explosion. The original massive star contained between 8 and 25
M�. (More massive stars collapse into black holes.) The remnant neutron star
compresses at least 1.4M� into a sphere only about 10-16 km across.

• This material is crushed together so tightly that gravity overcomes the
repulsive force between negatively charged electrons and positively charged
protons. The resulting structure of the star is complex, with a solid crystalline
crust about one kilometer thick encasing a core of superfluid neutrons and
superconducting protons. Above the crust exists both an ocean and
atmosphere of much less dense material.

Figure 2: Neutron Star Structure
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Spherical Stars: Newtonian
In stars, hydrostatic equilibrium is the state of balance it experiences through
most of its lifetime. It is the “battle” between a star’s own self-gravity vs its
internal gas and radiation pressure.

The following equations describe a spherical star in hydrostatic equilibrium in
the Newtonian theory

dm
dr = 4πr 2ρ(r) (1)

dP
dr = −ρ(r) Gm(r)

r 2 = −ρ(r)g(r) (2)

dΦ
dr = − 1

ρ(r)
dP
dr = Gm(r)

r 2 (3)

P = P(ρ, ...) equation of state (4)
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Polytropes i

The ideal Fermi gas EoS reduces to simple polytropic form P = KρΓ in the
limiting cases of extreme non-relativistic (Γ = 5/3) and ultrarelativistic
electrons (Γ = 4/3).

Equilibrium configurations with such an EoS are called polytropes and they are
quite simple to analyze.

The hydrostatic equilibrium equations (32) and (33) can be combined to give

1
r 2

d
dr

(
r 2

ρ

dP
dr

)
= −4πGρ (5)

If we substitute P = KρΓ, and we write Γ = 1 + 1/n (n is called polytropic
index) we can get a dimensionless form of this equation the so called
Lane-Emden equation

1
ξ2

d
dξ

(
ξ2 dθ

dξ

)
= −θn (6)
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Polytropes ii

where we have made the following substitutions

ρ = ρcθ
n, r = aξ, a =

[
(n + 1)Kρc

1/n−1

4πG

]1/2

(7)

where ρc = ρ(r = 0) is the central density.

While the boundary conditions are

θ(0) = 1 , and θ′(0) = 0 . (8)

Lane-Emden equation can be easily integrated numerically starting at ξ = 0
with the BC (8).

For n < 5 the solution decreases monotonically and has a zero at finite value
ξ = ξ1 i.e. θ(ξ1) = 0 which corresponds to the surface of the star, where
p = ρ = 0.
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Polytropes iii

Thus we get:

R = aξ1 =
[

(n + 1)K
4πG

]1/2

ρ(1−n)/2n
c ξ1 (9)

M =
∫ R

0
4πr 2ρdr = ... = 4π

[
(n + 1)K

4πG

]3/2

ρ(3−n)/2n
c ξ2

1 |θ′(ξ1)| (10)

= 4πR(3−n)/(1−n)
[

(n + 1)K
4πG

]n/(n−1)

ξ
(3−n)/(1−n)
1 ξ2

1 |θ′(ξ1)|. (11)

For the special cases that we are interested:

Γ = 2 , n = 1, ξ1 = π, ξ2
1 |θ′(ξ1)| = π (12)

Γ = 5
3 , n = 3

2 , ξ1 = 3.65375, ξ2
1 |θ′(ξ1)| = 2.71406 (13)

Γ = 4
3 , n = 3, ξ1 = 6.89685, ξ2

1 |θ′(ξ1)| = 2.01824 (14)
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Polytropes iv

Figure 3: θ(ξ) for n = 0, 1, 2, 3, 4 and 5
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The Tolman-Oppenheimer-Volkov (TOV) Solution i

The energy momentum tensor for a perfect fluid is:

Tαβ = (ρc2 + P)uαuβ − gαβP where uα = dxα

ds

17



The Tolman-Oppenheimer-Volkov (TOV) Solution ii

Then the law for conservation of energy and momentum leads to:

Tαβ
;β = gαβ ∂βP +

[
(ρc2 + P)uαuβ

]
;β

+ (ρc2 + P)Γαβλuβuλ = 0 (15)

For a spherically symmetric and static solution

ds2 = eν(r)dt2 − eλ(r)dr 2 − r 2 (dθ2 + sin2 θdφ2)
the fluid velocity is: uµ = (e−ν/2, 0, 0, 0) and thus (15) becomes

Tαβ
;β = gαβ ∂βP + (ρc2 + P)Γα00u0u0 = 0 (16)

where Γα00 = − 1
2 gακg00,κ = − 1

2 eνν′

... and thus we get

∂αP = −1
2
(
ρc2 + P

)
∂αν ⇒ dP

dr = −1
2 (ρc2 + P) dν

dr (17)

which is the relativistic version of the equations for hydrodynamical equilibrium.
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The Tolman-Oppenheimer-Volkov (TOV) Solution iii

In the Newtonian limit g00 = eν ≈ 1 + 2U/c2 and ρc2 � P which leads to:

∂P
∂r = −ρ∂U

∂r (18)

Still we need to find a way, via Einstein’s equations

Rαβ = −8π
(

Tαβ −
1
2 gαβTλ

λ

)
(19)

to estimate ν(r) in the same way that we need to solve Poisson equation to
estimate the gravitational potential U(r).

{θθ} : 1− e−λ
[

1 + r
2 (ν′ − λ′)

]
= −4πr 2(ρc2 − P) (20)

{rr} : ν′′

2 + (ν′)2

4 − ν′λ′

4 − λ′

r = 4πeλ(ρc2 − P) (21)

{tt} : ν′′

2 + (ν′)2

4 − ν′λ′

4 + ν′

r = −4πeλ
(

3ρc2 + P
)

(22)
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The Tolman-Oppenheimer-Volkov (TOV) Solution iv

which leads to the following ODE rλ′ + eλ − 1 = 8πeλr 2ρc2 or(
re−λ

)′ = 1− 8πρc2r 2 leading to

eλ(r) = (1− 2M/r)−1 where M(r) = 4π
∫ r

0
ρ(r ′)r ′2dr ′ (23)

which together with (17) and (20) give (Prove eqns (20) to (25))

dP
dr = −(ρc2 + P) M + 4πr 3P

r(r − 2M) or dν
dr = 2 M + 4πr 3P

r(r − 2M) . (24)

or
dP
dr = −GMρ

r 2

(
1 + P

ρc2

)(
1 + 4πr 3P

Mc2

)(
1− 2GM

c2r

)−1
(25)

20



The Tolman-Oppenheimer-Volkov (TOV) Solution v
The equations of structure for a spherical relativistic star are:

dm
dr = 4πr 2ρ (26)

dP
dr = −(ρ+ P) m + 4πr 3P

r 2(1− 2m/r) (27)

dν
dr = − 1

ρ+ P
dP
dr (28)

together with and EoS P = P(ρ) and an equation for the metric function λ(r)
i.e. e−λ(r) = 1− 2m/r .

NOTE: The quantity m(r) is the “mass inside radius r”. Thus eqn (26) gives

M =
∫ R

0
4πρr 2dr (29)

for the total mass of the star.
This includes all contributions to the total mass-energy, including the
gravitational potential energy.
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The Tolman-Oppenheimer-Volkov (TOV) Solution vi
This is “hidden” in the Newtonian like form of eqn (26) but we should recall
that the proper volume element is not just 4πr 2dr , but

dV = (grr )1/2 dr × 4πr 2 =
(

1− 2m
r

)−1/2
4πr 2dr (30)

which brings in (26) the contribution of the gravitational potential energy of
the star.
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The Tolman-Oppenheimer-Volkov (TOV) Solution vii

If we move from geometrical units back to the cgs units

m→ G
c2 m, ρ→ G

c2 ρ, P → G
c4 P and ν(r)→ 2

c2 Φ (31)

we get the following equations describing a spherical star in hydrostatic
equilibrium in the non-relativistic limit

dm
dr = 4πr 2ρ (32)

dP
dr = −ρGm

r 2 (33)

dΦ
dr = −1

ρ

dP
dr = Gm

r 2 (34)
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TOV: A uniform density star

For the special case ρ = const there is an analytic solution. For example the
mass function will become:

M(r) = 4
3πr 3ρ for r ≤ R and M(R) = 4

3πR3ρ for r ≥ R

The we get:
P
ρ

= (1− 2Mr 2/R3)1/2 − (1− 2M/R)1/2

3(1− 2M/R)1/2 − (1− 2Mr 2/R3)1/2 . (35)

But substituting the above relations in (17) we get an analytic solution for g00

i.e.

eν/2 = 3
2

(
1− 2M

R

)1/2
− 1

2

(
1− 2Mr 2

R3

)1/2

. (36)

Maximum allowed mass when P(r = 0)→∞ :

M
R = 4

9
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On the definition of mass i

Total Mass in Newton’s theory inside the radius r is

M(r) = 4π
∫ r

0
ρ(r ′)r ′2dr ′ (37)

where ρ(r) is the mass-energy distribution inside the star.

Total Mass in Einstein’s theory of gravity is given not in terms of the
mass-density (as in Newton) but in terms of the total mass-energy density ρ
which include the internal energy density ε

ρ = ρ0

(
1 + ε

ρ0c2

)
= ρ0 + ε

c2 (38)

The other difference is that the volume integration is not done with the proper
volume element dV = 4πr 2dr but with a somewhat “reduced” volume element
dV = 4πr 2eλ(r)/2dr .
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On the definition of mass ii

Thus we can define the gravitational mass MG of the object (e.g. Sun) as

MG (r) = 4π
∫ r

0
eλ(r)/2ρ(r ′)r ′2dr ′ (39)

While the rest mass M0 of the object has to be defined as

M0(r) = 4π
∫ r

0
eλ(r)/2ρ0(r ′)r ′2dr ′ (40)

As you can see here, the actual difference between the rest mass and the
gravitational mass in GR is the term ε/c2 i.e. of post-Newtonian order.
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Neutron Stars - PROJECT

Can you write a numerical code to solve the system of equations (28)-(30) ?
You may assume:
a) A polytropic equation of state with K = 100 and n = 1
b) Central density varying from 5× 1014gr/cm3 - 3× 1015gr/cm3

27



Neutron Stars : Mass vs Radius i

Figure 4: Mass-radius curve for HWW EoS configurations. The curve is parametrized by central
density measured in gr/cm3. At the extrema (max or min) the configuration becomes
unstable/stable for increasing central density.
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Neutron Stars : Mass vs Radius ii

Figure 5: Mass-radius relationship of neutron stars and strange stars. The strange stars may be
enveloped in a crust of ordinary nuclear matter whose density is below neutron drip density.
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Neutron Stars : Mass vs Radius iii
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Mass-radius relationship of neutron stars and strange stars. 4

(Right) The light blue bands show the range of mass-radius relations that correspond to the region

constrained by observations. Around 1.5M� predicts radii between 9.9 − 11.2 km.

4From Özel-Freire (2016) “Masses, Radii, and the Equation of State of Neutron Stars”.
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Neutron Stars : Mass vc Central Density

Figure 6: Illustration of the solution of the TOV equations over a broad range of central
densities. Solid lines show stable configurations. (Glendening 2000)
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Neutron Stars : Pressure vs Central Density

 W  W

Pressure-Density relationship of neutron stars and strange stars. 5

(Right) The light blue bands show the range of mass-radius relations that correspond to the region

constrained by observations.
5From Özel-Freire (2016) “Masses, Radii, and the Equation of State of Neutron Stars”.
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Pauli Exclusion Principle

An isolated WD or NS cools down to zero temperature and it is the pressure
associated with matter at T = 0 that supports these stars against gravitational
collapse.

A simple but very important example of non-thermal source of pressure is the
Fermi pressure arising from the Pauli exclusion principle.

The Pauli exclusion principle:

• restricts the quantum states allowed to half-integral spin particles (e, p,
n) known as fermions (obey the Fermi-Dirac statistics)

• prohibits any two fermions from occupying the same quantum state.
• is crucial for the structure of atoms and their chemical properties
• has the consequence that in the lowest-energy state of an atom, the

electrons are not in the lowest-energy level near the nucleus; instead they
are arranged in higher-energy-level shells.

• it supports the outer electrons in an atom against the attractive electric
forces of nucleus. 33



Electron degeneracy pressure i

• Electron degeneracy pressure is a force caused by the Pauli exclusion
principle, which states that two electrons cannot occupy the same
quantum state at the same time. This force often sets a limit to how
much matter can be squeezed together.

• A material subjected to ever increasing pressure will become ever more
compressed, and for electrons within it, the uncertainty in position
measurements, ∆x , becomes ever smaller.
– Then, as dictated by the Heisenberg’s uncertainty principle,
∆x ∆p ≥ ~/2, the uncertainty in the momenta of the electrons, ∆p,
becomes larger.
– Thus, no matter how low the temperature drops, the electrons must be
traveling at this “Heisenberg speed”, contributing to the pressure.

• When the pressure due to the “Heisenberg speed” exceeds that of the
pressure from the thermal motions of the electrons, the electrons are
referred to as degenerate, and the material is termed degenerate matter.
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Electron degeneracy pressure ii

• Electron degeneracy pressure will halt the gravitational collapse of a star if
its mass is below the Chandrasekhar Limit (1.44 M�). This is the
pressure that prevents a white dwarf star from collapsing.
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Maximum Mass of White Dwarfs i

White Dwarfs support themselves against gravity by the pressure of electrons
arising from the Pauli exclusion principle.

• This pressure is called Fermi pressure and the corresponding
compressional energy is called Fermi energy.

A rough estimate of the maximum mass that can be supported against
gravity by Fermi pressure can be made by studying the Fermi energy of a
spherical configuration of radius R consisting of N electrons and N protons
(electrically neutral).

• The heavier protons supply most of the mass and the lighter electrons
supply most of the pressure.

• Since electrons exclude each other, we can think of each of them as
occupying a volume of characteristic size ∆x ∼ R/N1/3 .

36



Maximum Mass of White Dwarfs ii
• The Fermi momentum of electrons is

pF ∼
~

∆x ∼
~N1/3

R . (41)

• The Fermi energy of electrons is

EF ∼
~ c
∆x ∼

~ c N1/3

R ∼ pF c . (42)

• If the sphere is compressed, R shrinks, pF rises, the Fermi energy (EF ) of
the electrons rises and work has to be done to make the compression.

• If the compression has been carried out to the point that electrons become
relativistic (x = pF/mec � 1) with energies E = [p2

F c2 + m2
ec4]1/2 ≈ pF c.

Here me ≈ 9.1× 10−28gr is the rest mass of the electron &
mec2 ≈ 0.511 MeV.
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Maximum Mass of White Dwarfs iii

• Then the total Fermi energy in this approximation is:

EF ∼ N · (pF c) ∼ N4/3~c
R . (43)

• The protons supply most of the gravitational energy EG , which is roughly
(per baryon)

EG ∼ −
G M mp

R ∼ −G (Nmp) mp

R . (44)

NOTE: Both EF and EG vary as 1/R.

EQUILIBRIUM will be achieved when the total energy

ETOT = EF + EG = N1/3~c
R −

GNm2
p

R . (45)

is at minimum.
NOTE: For large N the total energy will be negative and it will be
energetically favorable for the configuration to collapse.
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Maximum Mass of White Dwarfs iv

• The maximum baryon number for equilibrium is determined by setting, in
(45), ETOT = 0 .

• The critical N at which gravitational collapse is favoured is

Ncrit ∼
(

~ c
G m2

p

)3/2

∼ 2.204× 1057 (46)

• and the critical mass is6

Mcrit ∼ mpNcrit ∼ 1.854M�! (47)

Notice, that if N → N/21/3 ∼ N/1.26, then Mcrit ∼ 1.4714 !!

• The exact solution of the maximum mass is called the Chandrasekhar
mass and it is about 1.457M�!

NOTE: The maximum mass of a degenerate star depends only on
fundamental constants!

6mp = 1.673 × 10−24gr and M� = 1.989 × 1033gr
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Radius of White Dwarfs (and Neutron Stars)

The equilibrium masses associated with masses M approaching Mcrit is
determined by the onset of the relativistic degeneracy:

EF = pF c ≥ mc2 (48)

where m refers to either electrons or neutrons.

Then by using equations (42) and (46) this condition gives

R ≤ ~
mic

(
~c

Gm2
p

)1/2

≈ { 5.03× 108cm for mi = me

2.74× 105cm for mi = mn
(49)

Thus there are two distinct regimes of collapse:

• one for densities above white dwarf values

• and another for densities above nuclear densities

but in both cases M ∼ M�. 7

7Note: mp = 1.242 × 10−52cm, h = 2.612 × 10−66cm2 & me = 6.764 × 10−56cm.
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