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-Stellar oscillations provide information about:

@ Stellar structure Stellar
® System stability ' ‘ Evolution \

© Evolution of physical events (i.e. NS merger)
® Physical mechanism (i.e. effect of rotation)
® Unique events might excite more modes

- De Pietri et al (2018)

® Post-merger remnant oscillates in radial and non-radial modes
(quadrupole m=2)

® convective instability in the post-merger remnant
® probe the rotational and thermal state




Considerations & Approximations:

® Polytropic fluid
® Uniform rotation (2
® Small adiabatic oscillations

® Spherical symmetry = Cylindrical symmetry(aw, o, z)

® Newtonian limit




HYDPOSTATTC FOUTI.TRRTUM

- -y, -

® Equation of HE: ;jg _ _% L O @)@
M=1+1/n
® Polytropic fluid: P = K,or = _n-> polytropic index

I"-> polytropic exponent
polytropic constant

02
® Dimensionless formulation (Lane-Emden): p= 27Gp.
p = pctd”

20 1d0

il n
g [(”+41?1ch 172 — d_§2+5d§ —0" + B

@ = ac




Test(n=1, p)

*Present work *Robe (1968)
n ,B::r:'fical n Bc
0.5 0.5 0 100

/ l 2.87_1

1 0.2871 9 ¥ 47-9

1.5 | 0.1783 8.21-3

polytropic index = &1 . 151
0‘15 zzizz 0.0 171782384
’ ’ —0.8 1. 74556088
n=0s 0-35 | 299422 —0.5 1.83413266
049 | 376126 —0.2 1.93087184
0.50 | 3.99999 0 200000000
0 2.40482 m 0 218966219
0.15 | 2.77926 1 2. 40482556
n=1 0.25 | 3.25242 1 2.64TTTRTT
0.28 | 3.57159 2 2.92132072
0.2871 | 3.7976 3 3.5730000%8
0 2 64777 4 4 39526586
0.09 | 2.97852 5 5.42757459
n=1.5 0.15 | 3.38497 6 6.7245270T7
0.178 | 3.98154 10 1.6222T40TE+1

0.1783 | 4.04101 20 1.60596473E42
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Present work

n=15

1.0 1 — G{E) with E1=2.6478 for b=0.00

— G(E) with £1=2.9785 for b=0.09

— () with £1=3.3850 for b=0.15

=== B(E) with £E1=3.9815 for b=0.18
0.8 4 === B(E) with E1=4.0410 for b=0.1783
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STFELLAR OSCTLI ATTONS

© Small Eulerian perturbation: 5Q(@, d,z,t) = 6Q(w)e"TtTmP+kz)

Eulerian variation 6Q = Q(x,t) — Qo(x, t)
Lagrangian variation AQ = Q[x + Ar(x,t),t] — Qo(x, )

® Perturbed equations

D . . L
Continuity Equation L 1PV =0 e 59 = —di0(00AF)

Dt
Adiabaticity AP = Fl?Ap = —T'1 PydivAF
0
D7 1
Equation of motion 57 = —Egmdp — grad®

Poisson's equation V26® = 41 Gép



STFEILLAD OSCTILI ATTONS

© Small Eulerian perturbation: sQ(w,¢,z,t) = 5Q(c@)ei(‘”+’”4’+/‘?)

) 0P/ 0y + 00
® Perturbed equations Y= 20_2
dY 402 A dp, 2mQ) / 5P
oo Ao —[1 Y -~ AlYo — 2%
wdco | o2 02 po dco] @—[1+ (TCO] QQ]
(n+1) 140
A=| VR
ddw _ 2mQ) 1 dby 1 2y @p0 B
O—— = [ co TR o m]ca&erm Y —rlpﬂ(woz}’ 6d)
1 d  déd m? )




Numerical Method
Shooting Method (i.e. Runge-Kutta)

A = det

STFELLAR OSCTLI ATTONS

Fitting Point r« (i.e. §1/2)
Shooting-1 (center ——» fitting point)
Shooting-2 (surface=» fitting point)

At the fitting point is required

X (s1)
y(s1)

Fl(s,l)

Fz(s,l)

]

—0 ==p [Eigenf

N




STFELLAR OSCTLI ATTONS

Constructing the Solution (Eigenfaunction)

C(u,lj:ym,lj:(zm}j + C{U,zjy{u,zl(zm)j — C{s,ljy{s,lj}(zm}j + C{s,zj:y(s,z}(zm)j
yj = X;Y;F;F, =» homogeneous linear system 4x4

Solution of homogeneous system 4x4 of linear equations

/ x(01)  x(02) _x(1)  _x(2) Cl01) _q
0,1) 0,2 1) 5,2 :
A= YEG 1:: quzj _}Tl:: _Y(:;? cl02) — v, /v
1) , 5,1) 5, —
F, K -k —F
K F:;ﬂ,lj FéD,E) _qu\s,lj _FE[S,E] ) Clsl) — Va/ Wy
C[SJEII = Vu/ Vi

10



DANTAl OSCTII ATTONS
Linear Adiabatic Wave Equation (LAWE)

Aw | o
d*x (n+1)do. dx » (m+1)p  (n+1)(2-2I)do x
d(;ﬁ[_ T g o, dig "
where w* = 4(;(;; jr)l 2

Boundary Conditions({— z, 6 — w)

® Inner boundary (Center) - reqularity

_ 2
X = ag +\a4<;r 1rZ . N

ay = —glw’ = (2~ 1“1) ﬁ+(1—T1)

—
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DANTAl OSCTILIL ATTONS

Boundary Conditions({— z, © — w)

1 1 g
® Outer boundary (Surface) w(z) T (7 z,) - z(fzw) ==z,
Z=2Zy n az

¥ =1+a,1(z2—7y) + an_2(z - z)*

= : o2 . ¢ o [[3 o m+1)%e
S TES VRS8R SR Tl v | ER T
n—+1 i
1 w? — T p
al’l*l — — 1 . G/
n+1 dz ‘Z:Zn

where G'= r_él;l (n+1) o =dw?- (n+1)B

12



DANTAl OSCTILIL ATTONS
Test 1(n=1, N=5/3, p=0)

*Robe (1968)
n W W Wi W
0 6.67-1 5.67+0 1.40+1 25741
| 1.63-1 2.27+0 4.9940 8.6240
3 2.94-1 7.02-1 1.2640 1.9540
6 1381 1.07-1 2.71-1 3.63-1
*Present Work
B wj i w)
0 | 0555464 | 272823 | 5.986513 > 0.463,2.27, 499
0.15 | 0597872 | 2.035402 | 4189147 x [1/(n+1)
025 | 0.609836 | 1415298 | 2.615437
028 | 05996322 | 1.066983 | 1.75
02871 | 0586931 | 0.749701 | 0.936736
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DANTAl OSCTILIL ATTONS
Test 2(n=1, N'=5/3, p)

*Present work *Robe (1968)
g_
8_
7_
6_
8 Qe
G &)
E B
© 4 Nb
3_
2_
1_
0 ' - ' ' - 0.0 0.1 02 03 04 0.5 0.6

0.0 0.1 0.2 0.3 0.4 0.5

2B 2B .,



DANTAl OSCTILIL ATTONS

Present work

sn=1, M=5/3




DANTAl OSCTILIL ATTONS

Present work

*n=15, M=5/3

7
fundamental modes for n=1

6- e 1st overtones for n=1

e 2nd overtones for n=1
5_
4 -

(o]
3

3_
2_
1_
0 T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30
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NIONI-PANTAlL OSCTLILATTONS

=Simulation De Pietri et al. (2018)

y (km)

20

10

—10}

- APR4, XY plane, f=2.51 kHz

[ [f=116.0 ms)

During the
merging of

Binary

T L L
—20 —-10 0 10
x (km)

20

Neutron
Star

m=2

Quadrupole
Oscillations
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NIONI-DPANTAl OSCTII ATTONS

Boundary Conditions

® Inner boundary (Center)

Ao = @F i X,@' Y=cw" i Y, 0" .Y(0) = 1z (28)"? A@(0)
v=0 V a v=0 ! m w
5& L 1d0d ~ F(0)

F = —m2? PZ - _é d_é; - FZ(O) T m

® Outer boundary (Surface)
F
F(81) = — 1(6)

m
Pressure vanishes during oscillations (AP=0)

5P, RS
Ekzé = —A@ (&) —— Y(&H) = Fia [(m) Fi + Awo(éq)

18



NIONI-PANTAlL OSCTLILATTONS
Test 1(m=2, "=5/3, p=0)

*Robe (1968)
n 9 0 91 f pi P P
1 010-3 158 -2 3502 346-1 | 8840 15240 81140
3 1.44-2 931-2 1.30-9 2921 6.30-1 11840 18740
6 2312 361-2 6.46-2 1.30-1 1.78-1 251-1 3491
=Present work
n g3 ) Q1 f 2] P2 p3
1 | -0.009099 | -0.015822 | -0.034961 | 0.346129 | 1.881 | 4.52 | 8.1201
3 00144 0.0231 | 0.043869 | 02219 | 0.6392 | 1.181 | 1.8701
6 002313 | 0.03608 | 0.06464 0.13 0.178 | 0.254 | 0.349

19



NIONI-PANTAlL OSCTLILATTONS

Test 2(n=1, IN'=5/3, m=2, p)

=Present Code

= -
-
-
-
-
-
-
-
-
-

*Robe (1968)

I I I T

4 —

3 — —

F_..*; = _
E L~
€ L
= 2+

=2 r r ~J

T [

1 —xh“ —

e - -‘-‘-"1__“_- 1 - —

0 ] [ l | ~. ]

o0 01 0.2 03 04 05 0.6
2p
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NIONI-PANTAL OSCTII ATTONS
(n=1

1.0 ~

0.8

0.6

0.4

0.2 A

0.0 +

, |'1:5/3, m:Z, [5)

— f-mode (B=0)
— p1-mode (=0.15)
— py-mode (=0.2871)

T
0.0 0.2 0.4

¢/g1l

0.6

T
0.8

21
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NIONI-PANTAlL OSCTLILATTONS
(n=1, "=5/3, m=2, p)

* —— gs-mode (B=0)

B -

_4_

- /N

E.'I!III D!E III.I4 D!ﬁ D!EF l.ID
&/€1
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NIONI-DPANTAl OSCTII ATTONS

Present work (m=2, "=5/3,p) © n=0.5== p-modexmflc

o/ (nGpg)~'<

*n=0.5

6

5_

e —
——

-
~—
-
-

-
T
-

pi-modex m{)c-
f-mode~0.8m(lc

Co-rotating mode viscosity
driven instability
or=0 => gi=2()

Counter-rotating mode

instability

gi=0
secular gravitational-wave
driven instability (CFS)

[see Friedman J.L. and
Stergioulas N. (2013)]
23



NIONI-PANTAlL OSCTLILATTONS

Present work (m=2, =5/3, p)
sn=1 == f-mode *m(lc *n=15




GOAI S FOP THF FUTLIRF

© Differential rotation and comparison
® Inertial modes
® Simulations

© Effect of rotation to co-rotating modes and counter-
rotating modes

©® Comparison between numerical methods

® Extension to spherical stars (Spherical Harmonics)
+Relativity

25
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